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PREFACE. 



The Work here respectfully submitted to the Public will be found to 
comprehend the present Practice of the Art of Building, reduced 
to PURELY SCIENTIFIC and GEOMETRICAL PRINCIPLES, and jst explained 
in a manner so simple, as to be easily intelligible to any attentive Reader. 

To facilitate this important object, the Author has commenced mth 
a short Treatise on Geometry, theoretical and practical, peculiarly adapt- 
ed to the general object of the Work, and containing such theorems and 
problems only as are absolutely necessary to be understood by every per- 
son connected with the leading departments of. the art. 

And here the writer cannot refrain from adding a few words, with a 
view to impress upon the minds of Workmen engaged in the constroction 
of buildings, whether Carpenter, Joiner, Mason, or Bricklayer, the 
PARAMOUNT and UNSPEAKABLE IMPORTANCE of obtaining some knowledge 
of the PRINCIPLES of Geometry; since, of all the numerous classes, coii- 
cemed in mechanical arts, they require the most intimate acquaintance 
with this science. 

The execution of the design of the architect is generally left to the 
skill of the workman ; who is, of course, presumed to be ftdly competent 
to the performance of the task which he undertakes. Now, if he be not 
practically acquainted with the geometrical construction of the object to 
be executed, he is not only unfit for the undertaking, but, at every step 
1. B 
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that he takes, he will manifest his ignorance and inability, and eventually 
overwhelm himself with confiision and disgrace. While persons of this 
description draw down upon themselves such merited degradation, those 
who, by assiduous application, have made themselves masters of the prin- 
ciples of geometry, and have obtained a clear and comprehensive view of 
the practical appUcation of these principles, will not &il to enjoy that in- 
tellectual satis&ction which results from a successful termination of efforts, 
conducted with scientific skill, and crowned with general approbation; 
and^ at the same time, open for themsdlves a Intimate path to that repu- 
taticm which directly and naturally leads to opidence and independence. . 

The articles on Carpentry and Joinery are treated at great length, 
as their superior importance demand. Indeed, it has been the chief study 
of the Author s life to give to these two branches the utmost d^ree of 
scientific connection and development of which they are susceptible. 

In Masokry^ the artist will find an ample detail of thet methods of 
cutting stone, illustrated by several plates, answering to most purposes 
which present themselves. And since the principles laid down in this 
Work are every where of a general tendency, the judgement of the work- 
man will enable him to apply them wherever difficulties may occur. 

The art of Bricklaying is but httle connected with the study of 
gieometrical lin^ ; since the texture of bricks is such as will not admit of 
their being moulded to the different shapes which the ingenuity of the 
architect might devise. However, in order to render the present Work 
complete, and to obviate, as far as possible, every difficidty, several plates 
aise introduced, Ulustrative of the various forms of arches, niches, &c. 

^ Few things are more important than a clear idea of the mutual con- 
nection of the various parts of a building. The author has, therefore, 
iiltfoddced a section, in which he has endeavoured to show, firom first prin- 
ciples only, the dependance which each part has upon some other. 
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> The various trades connected with building, as Plastering, PAiirr- 
iNG, Gla2ing> Plumbing, &c. will be found to be treated of in as com- 
plete a manner as was practicable; these branches not admittiiig of ttty 
very scientific development. 

A comprehensive Treatise on the Fivs Ordbrs is subjoined to tte 
trades accessary to building: these Orders, with their appropriate embel* 
lishments, form the basis and superstructure of airchitectural decoration. 
The parts of the Orders are drawn on a scale which iq>eaks to thti eye, 
and renders all farther detail unnecessary. The paxts ase gfren m modules 
and minutes ; this being the best mode of exhibiting their proportionsi so 
as to be most readily and clearly comprehended by the workttian and 
student. 

In order to increase the utihty of the Work, ta the Buildbr and 
Contractor, a select series of designs, in the modem style, acoommo- 
dated to the various ranks of society, have been introduced; and, for the 
use of the Architectural Studbnt, that no. accomplishment which 
might &cihtate the operations of the draughtsman, or fiirnish the designer 
with more correct ideas, or more extensive views, may be wanting^ the 
Rules of Projection, and the Principles of Perspective, are pre- 
sented; and in the most famihar and simple maimer in which the subject 
could be conceived. 

The Work concludes with a copious Glossary of the most useful 
terms employed by architects and builders. 

On the whole, the following Treatise will be foimd to contain a much 
greater variety of subjects than any similar work; and, in the method of 
treating the various articles, the studious reader will discover many things 
entirely new. Thus, for example, in the designs for roofs, several modes 
are brought forward, for the first time, interesting, both with respect to the 
disposition and joining of the timbers ; and the examples which are given 
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will be found of the greatest utility to the practical builder, in regulating 
his ideas with respect to any design under consideration, however much 
it may differ from any of the forms exhibited here. 

The schemes or diagrams are proportioned in their size to their 
probable utility; and the strictest regard has been paid to giving to all the 
parts of each figure their respective and just proportions. 

Finally, fi'om the important information collected, the natural arrange- 
ment adopted, and the numerous and valuable illustrations exhibited in 
the course of this Work, the Author flatters himself that he will be found to 
have rendered an important service to a numerous and highly meritorious 
class of his fellow-subjects; whilst even the most inattentive observer 
cannot but acknowledge that the Publisher has spared no expense to ren- 
der the Work deserving of extensive patronage and general approbation. 
The grand principle of the undertaking is obvious : it is equally calculated 
to instruct the untaught, and to assist the intelligent; to promote a gene- 
rous emulation, and at once to incite and satisfy enquiry into the elements 
and practice of those branches of science, than which no others are more 
conducive to the comfort and happiness of mankind. 



P. NICHOLSON. 

London^ 1822. 
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CHAPTER I. 

THE ELEMENTS OF GEOMETRY. 

(jTEOMETRT is a science which considers the properties of lines and angles, 
as formed according to some certain law ; as, also, the construction of alL 
manner of figures, according to given data. 

It is divided into two branches ; one of which considers the relations, po- 
sitions, and properties, of lines, so as to render a proposition clear to the 
understanding without the aid of compasses or other instruments ; being de- 
monstrated, by a continued chain of reasoning, from certain principles pre- 
viously established and laid down as axioms; so that the conclusions from 
one truth become part of the data for the proof of a succeeding proposition. 
This, which is called the Theory of Geometry, is fully explained by Euclid, 
in his celebrated ^' Elements," which have served as the basis of all succeed- 
ing treatises on the subject: and so much of those Elements as may be re- 
quired in the practice of Architecture will be found included in the present 
work. 

The other branch of geometry is entirely practical, and may be acquired 
without the theory, according to the directions hereafter given ; although with 
a knowledge of the reasons of the rules it will be more satisfactory. It is 
this practical branch that enables the architect to regulate his designs, and 
the artizan to construct his lines, so as to enable him to execute the work. 
Without the aid of this branch of knowledge, the workman will be unfit for 

1. c 
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« 

any undertaking whatever; and, so long as he is ignorant of the methods of 
geometrical construction, he must remain under the control and direction of 
a superior in his own class. 

The definitions and problems^ wUch follow, are calculated to iastruct the 
uninformed mechanic, and will qualify him for proceeding to the remaining 
parts of this treatise, wherein it will be found that the application of this 
branch of science is absolutely necessary. 

The uses of Geometry are not confined to Carpentry and Architecture : 
Astronomy, Navigation, Perspective, and numerous other branches, are 
entirely dependent upon it. '' It conducts the soldier in the field, and the 
seaman on the ocean; it gives strength to the fortress, and elegance to the 
palace." In short, there is no medbuaiiical prolEession that does not derive 
coosidcmble advantage from it. One warkmimk is superior to another, in 
proportion to his knowledge of the aobje^t we are now comBEienting upon, 
and which we are about to explain. 

The Terms are befe as clearly defined as the nature of the subject will ad*- 
mit, and the PtoblesBda: ave put in a regular successioor; so that nothing ia 
intrndjuced, in any problemi, as taJten fx granted, but what has been explained 
in some problem previously given. This selection^ though not very numerous, 
is sufficient to enable the student to proceed with the remaining parts of the 
work, to which it is specially adapted : and every attention has been paid to 
divest the diagrams of superfluous lines, without rendermg than less intel- 
ligible. 

GEOMETRIC DEFINITIONS. 

1. A Point is considered as that which has position without magnitude. 
Practically y a Point is the smallest visible mark upon a surface, as Bi figure I, 
plate I. 

2. A Line is considered as length, without breadth or thickness ; having 
extension only in one direction, as figures 2 and 3, (plate I,) which may be 
conceived to be made by the trace of a point, pen, or pencil. 



k 
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9r A Rt6H« w Bitv^Aiemt Limb is that whiiih lies evenfy beftweetf its ex- 
tremes et ends. If two sfoaight lines eoineid^ in two points/ all the inte^^ 
diate points wiB (Coincide also. 

t'husy ^. 8, (^pl. h) r^resefite a straight line/ and fig. 3y & enrre/M^ 
erodced Mne; the latter tMf he foimed evCher h^^ r^^l^to kiflexioilBv M po!^ 
tions of straight lines^ or hoth. 

4. A Superficies^ or Surfacb, is that which is cMisidered a» h»^hg I^j^ 
and hreadth without depth. 

Thus the outward parts of any body, which ai^ exhibited ^ tHer eye/ are 
termed the superficies of that body. 

5. A PiiANB Svfbrficies or Plane Surfaci^^ is t^at en whieh a straight 
line^ drawn through any given pointy in any position; WiH coincide. 

6. A Plane Figrdtre^ or DIA€^RAM/ or ScHEifE^ is the^ repifesentatioA* of a!ny 
thing on a plane surface^ by means of lines. When the lines are straight^ tbe 
figure is sidd to be reetiUneal. 

7. An Angle is a space between two lines meeting in a point. A PlanA 
Rectilineal Angle is the space between twa straight lines so meelShg. 

Thus, fig. 4, ( J9/. I,) is a plane reetiUneal angle. 

8. Two straight lines are sMd ta converge, when they meet each other, if 
producet^ or continued; as in^^. 5; 

9. When one straight line stands upon another, and makes the angles oH 
each side equal to each other, each of the equal angles is calfed a right 
angle, and the line which stands upon the other is called a perpendictdar to 
that other line. 

Thus, in^^. 6, {pi. I,) if the line CD stand upon AB, and make the angles 
on both sides of CD equal; each of these angles is n. right angle. In fig. 7, 
the line CD does not make the angles on each side of it equal to each other: 
in this case, CD is said to stand at oblique angles to AB ; and in the fonner 
c^e,fig. 6, CD is said to stand at right angles to AB. 

10. An Acute Angle is that which is less than a right angle. 

11. An Obtuse Angle is that which is greater than a right angle. 
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- In ^g* 7, as CD makes the angles on each side of it unequal, one. of them 
must be greater than the other: the greater must, .therefore, beano&/M^ 
angle, and the less an acute angle. And, as the space around the point C is 
the same, whatever be the position of the line CD, with respect to AB, what 
the one angle has in excess above the right angle, the other will have as much 
in defect. 

Figure 8, (^pL I,) is an acute angle; Jig. 9, a right angle; and Jig. 10, an 
obtuse angle. 

12. A Plane Triangle is a space inclosed by three straight lines. 

Thus, figures 11, 12, 13, and 14, are triangles. 

IS. A Right-angled Triangle is that which has one right angle. 

Thus, fig. 11 is a right-angled triangle. 

14. An Acute-angled Triangle is that which has all its angles acute; as 
figures 12 and 13. 

15. An Obtuse-angled Triangle is that which has one obtuse angle ; as 

fig.U. 

16. An Equilateral Triangle is that which has all its sides equal; as 
fig. 12. 

17. An Isosceles Triangle is that which has two equal sides; Hsfig. 13. 

18. A Scalene Triangle is that which has no two of its sides equal; as 

19. Parallel Lines are lines on the same plane, which cannot meet, 
though produced or continued ever so far from each extremity {fig. 15.) 

20. A Parallelogram is a figure whose opposite sides are parallel. 
Thus, figures 16, 17, 18, and 19, are parallelograms. 

21. When the parallelogram has one of its angles a right-angle, it is called 
a RECTANGLE. Thus, figurcs 16 and 17 are rectangles. 

22. When the sides of the rectangle are equal, it is called a square. 
Thus,^^. 16 is a square. * 

23. When the two adjiftcent sides are unequal, the rectangle is called an 
oblong; as^. 17. 
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24. When only two opposite angles of a pandlelogram are equals it is 
called a bhombub ; as figmea 18 and 19. 

26. When two adjacent sides of a rhombus are equals it is called a khok- 
Bom (pron. rhm^^lHhid) ; as fig. 10. . . 

26. Every figure^ inclosed by four straight lines, is called a ouadrakglb 
or auiJNRiiiATBRAL. Thus> ,%tiretf 16, 17, 18, 19, 20, and 21, are j^ModSn- 
laterals. 

27. When all the sides of a quadrilateral are unequal, it is called a tba- 

BBZIUM. 

28. When two sides of the trapezium are parallel, it is called a Tbape* 
com; as ^.21. 

29. ElquilaAeral and equiangular figures, contained by more than four 
straight lines, are called regular polygons. 

30. A regular polygon oifi/ce sides, is called a PEirr agon ; as^. 22. 

31. A regular polygon of .^ sides, is called a. hexago}^ ; as^« 23. 

32. A regular polygon of seven sid^s, is called a hbptagon ; as^^. 24. 

33. A regular polygon of eight sides, is called an octagon ; as^. 25, and 
so on. 

The words enea, deca, undeca, dodeca, haying the termination gon sub- 
joined, signify regular polygons of nine, ten, eleven, and twelve, sides. Other 
polygons are commonly expressed as such, with the number of sides. 

34. A Circle is a plain figure, contained under pne line only, which is 
called its circuntferenee. FroQd the circumference^ straight lines, called radih 
being drawn to a certain point within the figure, are equal. 

35. The point to which the equal lines from the circumference are drawn^ 
is called the Centre of the circle, Thus, in fig. 26^ c is the centre, and c d 
the radius of the circle ahd. 

36. The Diameter of a circle is a strdght line, drawn through the centre, 
and terminated by the circumference ; as the line a h, fig. 27. 

37. A Chord of a circle is a straight line, drawn through the circle, and 
terminated by the circumference. Thus the line ah, fig. 28, is a chord; and 
^ ^y fig' 27, is § chafed passing through the centre. 

2. D 
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38. A Semi-circiiB is the half of a circle^ tenniiiated by a diameter and 
the semi-circumference. Thus^ iJ^fig* 27, the diameter a h divides the circle 
into two semi-circles. > 

39. A Segment of a circle is a portion cut off by a chord, and the part of 
the circumference intercepted by the chord. Thus, ah c, figures 28 and 29, 
9xe segments \ and fig. 30, though a semi-circle, is still a segment, terminated 
by the diameter, instead of a lesser chord. 

40. A Sector of a circle is the portion contained by two' radii and the 
intercepted part of the circumference. Thus, abc, fig. 31, is the sector 
of a circle. 

41. The Quadrant of a circle is a sector contained by two radii, at a 
right-angle with each other, and the intercepted part of the circumference ; 
as, abc, in fig. 32. 

42. An Arc of a circle is any portion of its circumference. 

43. The Altitude of a figure is a straight Kn^ drawii ftom the vertical 
angle, perpendicular to the opposite side, or to the opposite side produced 
or continued. Thus, CD, fig. 88, is the altitude of the triangle ABC, drawn 
from the vertical angle C to the opposite side AB produced to D. 



44. NOTATION. 

Wh^i several angles unite at a point, each angle is indicated by three 
letters, the middle letter denoting the angular paint, and the others the sides 
containing that angle. Thus, in fig. 84, ABC, ABD, ABE, the middle letter B 
indicates the angular point : in the first, AB, BC, the two sides ; in the se- 
cond, AB,'BD^ the sides ; and, in the third, AB, BE, the sides. 



45. EXPLANATION of TERMS. 

An Axiom is a self-evident truth. 

A Theorem is a truth which becomes evident by a process of reasoning 

died a demanstratian. 



*.. 
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A Problem- is a thing required to be done^ or a question proposed for 
solution. 

A LEifMA is a truth premised to facilitate either the demonstration of a 
theorem^ or the solution of a Problem. 

A Proposition is the common name of a Theorem or Problem. 

A Corollary is a consequence or deduction which follows from a Propo- 
sition. 

A Scholium is an explanatory rbmark upon one or more preceding Pro- 
position or Propositions. 

An Hypothesis is a supposition made either in the enunciation of a Pro- 
position^ or in the course of a demonstration. 



46. AXIOMS. 

1. Things which are equal to the same things or things^ are equal to one 
another. 

2. If equals be added to equals^ the wholes will be equal. 

3. If equals be taken from equals^ the remainders will be equal. 

4. If equals be added to unequals, the wholes will be unequaL 

5. If equals be taken from unequals^ the remainders will be unequal. 

6. Things which are double of the same things are equal to one another. 

7. Things which are halves of the same things are equal to one another. 

8. Magnitudes which coincide with one another^ that is, which exactly fill 
the same space, are equal to one another. 

9. The whole is greater than its part. 

10. Only one straight line can be drawn from one point to another. 

11. Two straight lines cannot be drawn through the same point, para&el 
to the same straight line, without coinciding with one another. 



47. POSTULATES, or DEMANDS. 

1. Let it be granted that a straight line may be drawn from any one point 
to any other. 
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2. Tkaft a tefwiinatifd stad^ liiie may ibeprmheed^ or cehtanued, to any 
length. 

3. That a circle may be deicribed from any centra and at way distance 
from that centre, or with any 




THEOREMS. 

THBOaSM 1. 

48. Any straight line, CD, which meets another straight Hne, AB, makes 
wiUi it two adjacent angles, ACD, BCD; which, taken togetiier, are equal to 
two right angles.* 

At the point C, let the straight line CE be drawn, per- 
pendicular to AB. The angle ACD is the sum of the angles 
ACE and ECD ; therefore ACD-f-DCB shall be the sum of the 
three angles ACE, ECD, DCB, {Axiom 2, page IS). Now the ^ 
angle ACE is a rigki angle, and the sum of the angles ECD, DCB, make a 
right angle ; therefore the sum of the two angles ACD, BCD, is equal to two 
right angles. 

49. CoROLLAXY. — If one (rf the angles ACD, BCD, is a right an^le, the 
other is, abo, a right ai^e. 

THEOREM 2. 

50. If the sum of two adjacent angles, ACD, DCB, be equal to two right 
angles, the exterior sides form one continued strught line. 

For, if CB is not the continuaticm of AC, let CE be its 
continuation; then the sum of the angles ACD, DCE, is 
equal to two right angles, (Jhearem 1,) but, by hypothesis, 
the sum of the angles ACD^ DCB, is equal to two right 
angles ; therefore the two angles ACD, DCE, is equal to the two angles 

* The-ngDB used in Algdnk Notatkn are ezplimed harenficr ; but, as serend may previously 
occur, it may here be noticed diat + (Tpimi) signifies wwrt^ or one quantity or thing added to anodier : 
The sign - (mum») signifies feet, or one qoantily sohtracted ficom another: s mevis is, or are, 
eonalto: x into, or mnitqplied by : -r divided by, as SO-rS or ^=10. 
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ACD^ DCB (Ax.l, page 15); and^ taking from each of these equals the 
angle ACD> there will remain the angle DCE^ equal to DCB^ a part equal to 
the whole, which is impossible (Aa.9, page 15). 

• . •.. ...:-. '. '-i :. ■..•: 

THEOREM 3. 

51. If two straight lines, AB, DE, cut one another, the opposite angles shall 
be equal to one another. 

For, since DE is a straight Une, the sum of the two angles ACD, 
ACE, is equal to two right angles (theorem 1) ; and, because AB is 
a straight line, the sum of the angles ACE, ECB, is equal to two 
right angles ( theorem 1) ; therefore the sum of the angles ACD, 
ACE, is equal to the sum of the angles ACE, ECB ; and, taking away from 
each the common angle ACE, there will remain the angle ACD, equal to the 
vertical opposite angle ECB. 

THEOREM 4. 

52. Two straight lines, which have two common points^ coincide entirely 
throughout their whole extent. 

Let A and B be the two common points ; in the first place, ^ 

the two lines can make but one from A to B, (Ax. 10, p. 15). 
tf it were possible that they could separate, let C be the point 
of separation, and let us suppose that one of them takes the ^ ^ 
direction CD, and the other CE. 

At the point C suppose CF to be drawn, perpendicular to AG ; then, be-* 
cause ACD is, by hypothesis, a straight line, the angle FCD is a right angle; 
{Def. art. 9 ;) in like manner, because ACE is supposed to be a straight Uney 
the angle FCE is a right angle ; therefore the angles FCD, FCE, are equal ; 
but this is impossible (Ax. 9, pqge 15) ; therefore the two straight lines, 
which have two common points, A and B, cannot separate, but must form 
one continued line. 

2. £ 
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THEQRSM 5. 

53. Two triangles are equal when, in the cfae, an ugle and the two side* 
which contain it are equal, in the other, to an angle and the two sides which 
contain it. 

Let the an^e A be equal to the angle D, the side AB 
equal to DE, and the side AC equal to DF; then the 
triangles ABC, DEF, shall be equaL ^ 

Suppose the triangle ABC to be placed upon the . tri- ^ ^ * *^ 
angle DEF, so that AB may be upon^ DE ; then^ because the angles A and D 
are equal, AC will fall upon DF ; and, because AB is equal to DE, and AC 
equal to DF, the point B will coincide with E, and C with F : therefore, the 
base BC will coincide with the base EF (theorem 4) ; and^ since the sides of 
the triangles coincide, the other two angles must also coincide ; that is, they 
must be equal to each other. 

THEOREM . 6. 

64. Two triangles are eqttal when a side aad two adjacent angles of the 
one are respectively equal to a side and two adjacent ai^sftes of the dther^ 

Let ,the side BC be equal to the side EF> the angle B a » 

equal to the angle E, and the angle C equal to: the angle /\ / \ 

F, the triangles shaB be equal. : J \ / \ 

Fori suppose the.trtangle ABC to^ be .placed. 9pon^^ the W77T^...m i^ 
triangle DEF, so that their bases, BC and EF^knay ooincide; then, because 
the angles B atnd^E are equals the straight line BA will Ml upon ED; and, 
because the angles* C and F. are equal, tii^ straight lineCA will fail upon FD : 
therefoire^ the tlureesides of onetrimgleLwiH. coincide with the three sides of 
l^e :other ; ondiconibieiquentiy, the triangle equal: and, 

fince therjsfoire <tfae sides of ^ the ; iriaiiiji^es eoincide^ the eorrest>onding angles 
wittbeequtd; . 
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THEOREM 7» 

55. Any two sides of a triangle ane together equal to more than a third side^ 
For, m the triangle, ABC, the straight line BC is the shortest 

line that can be drawn from B to C ; therefore the sum of the two 

«ides^ BA> AC, is greater than BC* 

THEOREM S. 

^. If from any point, as O, within a triangle, ABC, there be drawn twa 
straight lines, OB, OC, one to each extremity of any side, as BC, theix suia 
is less.than the sum of the other two sides of the triangle. 

Produce BO till it meet AC in D; the line OC is less* than 
the sum of the two Hues OD, DC {theorem 7) ; and, adding tO' 
these unequals the line BO, the sum of the two lines, BO, OC, is 
less than the sum of the three lines BO^ 0D> DC {ax. 4, p. 15) ; 
that is, the sum of the two lines BO, OC, is less tlum the sum of the two 
lines BD, DC. 

In like manner, BD is less than the sum of the two fines BA, AD i and, 
adding DC to these. unequids, the sum of the- two straight lines, BD, DC, is 
less than the sum of the three straight Une&: BA, AD, D&j that is> tiie two 
straight lines BD, DC, are less than the two straight lines B A, AC ; but the 
two straight lines BO, OC, have been shown to be less than the two straight 
lines BD, DC ; and, therefore, much less is the sum of the two straight lines 
BO, OC, than that of the two sides BA, AC, of the triangle ABC^ 

VHBORiM 9r . 

57. If any two sides AB, AC, of a triangle, ABC, a^fei^qual to two sides Dfi, 
DF, of another triang^ DEF, each to each, and if the angle BAC, contained 
by the sides, AB, AC, be greater than the angle EDF, contained by the sides 
ED, DF,. the base BC of the triangle which has the greater angle sfaidl bi 
greater than, the base £F of the other triangler 
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Make the angle C AG equal to D^ take AG equal 
to D£ or AB^ and join CG ; and because the two 
triangles CAG^ DEF^ have an angle of the one 
equal to an angle of the other^ and the sides 
which contain these angles are equals CG shall be equal to EF {theorem 5)« 
Now there may be three cases^ according as the point G falls without the 
triangle ABC^ or on the side BC, or within the triangle. 

Case 1. — ^Because GC is less than the sum of the two straight lines GI, IC ; 
and AB less than the sum of the two straight lines AI^ IB : therefore^ the 
sum of the two straight lines GC, AB, is less than the sum of the four straight 
lines GI, IC, AI, IB ; that is, the sum of the two straight lines GC, AB, 
is less than the sum of the two straight lines AG, BC ; but AG is equal 
to AB, therefore GC is less than BC{ but GC = EF, therefore EF is less 
than ]BC. 

Case 2. — If the point G fall on BC, it is evident 
that GC, or its equal EF, is less than BC. 

Case 3. — ^Lastly, if the point G fall within the triangle 
ABC, by theorem 8, we have the sum of the two straight 
lines AG, GC, less than the sum of the two straight lines b<<$ 
AB, BC ; but since AB is equal to AG, we shall have GC 
less than BC ; and, consequently, EF less than BC. 

THEOREM 10. 

58. One triangle is equal to another, when the three sides of the first are 
respectively equal to the three sides of the second. 

Let the side AB be equal to DE, AC equal to DF, 
and BC equal to EF ; then shall the angle A be equal 
to the angle D, the angle B equal to the angle E, and 

th^ angle C equal to the angle F. For, if the angle s ^ e r 

A were greater than D, then, as the two sides AB, AC, are equal to the two 
sides DE, DF, each to each, it would follow (theorem 9) that the sideBC. 
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would be greater than £F ; and^ if the angle A were leas than the angle D, 
BC would be less than £F ; thereforei the angle A can neither be greater 
nor less than the angle D ; the angle A must therefore be equal to the angle 
D. In like manner^ it may be proved that the angle B is equal to £, and C 
equal to F. 

69. Corollary. — Whence it appears that, in two equal triangles the equal 
angles are opposite to the equal sides ; for the equal angles A and D are op- 
posite to the equal sides BC and EF. 

THEOREM 11. 

60. The angles opposite to the equal sides of an isosceles triangle' are equal. 
Let the side AB be equal to AC ; then shall the angle C equal the 

angle B. For, suppose AD to be drawn from the vertex A to the 
middle point D, of the base BC ; then the two triangles ADB, ADC, 
will have the two sides AB, BD, of the one equal to the two sides 
AC, CD, of the other, each to each ; and AD is common to both : there- 
fore the angle B shall be equal to the angle C. 

61. Corollary 1.— Hence every equilateral triangle is also equiangular. 

62. Corollary 2. — ^A straight line drawn from the vertex of an isosceles 
triangle to the middle of the base will bisect the vertical angle, and be 
perpendicular to the base. 

THEOREM 12. 

63. If two angles of a triangle be equal, the opposite sides shall be equal, 
and the triangle shall be isosceles. 

Let the angle ABC be equal to ACB, the side AC shall be equal 
to the side AB. 

For, if the two sides AB, AC, are not equd, let AB be greater 

than AC, and from BA cut off BD, equal to C A, and join CD ; the ^ c 

angle DBC is, by hypothesis, equal to the angle ACB, and the two sides DB, 
BC, are equal to the two sides AC, CB ; therefore the triangle DBC is equal 

3. P 
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to the triangle ACB, the less to the greater, which is impossible (<sr. 0, p. 16) ; 
therefore AB cannot be unequal to AC, but must be equal to it. 

THEOREM 13. 

64. From a point A^ without a straight line DE, only one perpendicular 
pan be drawn to that line. 

For, suppose it were possible to draw AB, AC, perpendi- 

• ■ • . 

cular from the same point A, upon the straight line DE ; pro- 
duce one of them, AB, to F, so that BF may be equal to AB, 
and join FC; and, because AB is equal to BF, and BC is 
conunon to the two triangles ABC, FBC, and the angles ABC and FBC are 
equal ; the angle ACB is equal to FCB (theorem 5) ; therefore AC and CF 

w 

must be a continued line {theorem 2) ; and so, through the two points A, F, 

two straight lines, AF and ACF, maybe drawn, that do not coincide; which 

I. 

is impossible: and, therefore, it is equally- impossible that two perpen- 
diculars can be drawn from the same point to the same straight line. - 

... 

THEOREM 14. 

65. Of all. the lines that can be drawn from a given point A, to a given 
straight line DE, the perpendicular is the shortest;, and. of the other lines, 
that which Js nearer the perpendicular is less than that which is more remote ; 
and those two lines, on opposite sides, and at equal distances, from the per- 
pendicular, are equal. 

Produce the perpendicular, so that BF may be equal to AB, 
and. draw the straight, lines AC, ,AD, and AE, to meet DE in C, 
D, and E, and join FC, FD, &c. 

The triangles BCF and BCA are equal (/Aeoref/; 5); for BFis equal 
to BA, and BC conunon; therefore CF is equal to CA. Now AF is less than 
AC-hCF (theorem!); therefore, taking the. halves, AB is less than AC; that 
is, the perpendicular is the shortest line that can be drawn from A to DE. 

Next, suppose BE equal .to BC ; then the triangles ABE and ABC will be 
eqijal (tJieoremS)^ for they have BA com|non> and the angles ABE and ABC 
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eqiuU ; therefore A£ is equal to AC ; that is^.twb oblique lines equally distant 
from the perpendicular, on (^posite sides, are equal. i 

In the triangle ADF, the sum of AC and.CF is less than the sum of AD 
and DF (theorem 8) ; therefore AC, the half, of AC+CF, is less than AD/ the 
half of AD+DF ; that is, the oblique line, which is fisurther from the perpeur' 
dicular, is greater than that which is nearer to it* 



THEOREM 15. 

66. If through the point C, the middle of the straight Une AF, a perpen-^ 
dicular be drawn to that line, every point in the perpendicular is equally 
distant from the extremities of the line AB, and every point out of the per- 
pendicular is unequally distant from these extremities. 

Because AC is equal to BC, the two oblique lines AD, BD, 
which are equally distant from the perpendicular, are equal 
{theorem 14). The same is also true of the two oblique 
lines AE, EB, and of the two oblique lines AF, FB, ' &c. 
Therefore, every point in the perpendicular is equally distant from the ends 
of the line. 

Let I be a point out of the perpendicular. If lA, IB, be joined, one of 
them will cut the perpendicular in D ; therefore, drawing DB, we ^ have DB 
equal to DA : but IB is. less than ID+DB, and ID+DB is equal to ID+DA 
equal to lA ; therefore IB is less than lA : that is, any point out of the per- 
pendicular is unequally distant from the extremities A and B. 




THEOREM 16. 

67.. Two right-angled triangles are equal if the hypothenuse and a side, of 
the.one.be equal to the hypothenuse and a side of the other. 

Let. the hypothenuse (or longest side) AC be a 
equal to the h}rpothenuse DF, and the side AB 
equal to .the side DE, and the . right-rangled 
triangle. ABC shall be equal to the right-angled .^ 
triangle DEF, 
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The propositioit will be evidently true if it can be proved that BC is' eqtud 
to EF (theorem 10). Let us suppose, if it be possible, that these sides aire uii« 
equal, and that BC is the greater. Take BG equal to EF, Bnd join AG. The 
triaugles ABG and DEF, having AB equal to DE, and BG equal to EF, by 
hypothesis, and also having the angle ABG equal to DEF, they will be equal 
(theorem 5) : therefore AG is equal to DF ; but DF is equal to AC ; there- 
fore AG is equal to AC : that is, two oblique lines, one more remote from 
the perpendicular than the other, are equal ; which is impossible (theorem 15) : 
therefore, BC is not unequal to EF, and hence the triangle ABC is equal to 
the triangle DEF. 

THEOaEM 17. 

68. Two straight lines perpendicular to a third are parallel. 

For, if the straight lines AC, BD, be not parallel, they *-<^ 
will meet on one side or the other of the line AB ; let 
them meet in O ; then AC and OB are both perpendi- 
cular to AB, from the same point O ; which is impossible (theorem 13). 

THEOREM 18. 

. 69. If two straight lines, AC and BD, make, with a third, AB, the sum of 
the two interior angles CAB, ABD, equal to two right angles, these two 
straight lines are parallel. 

From G, the middle of AB, draw EGF, perpendicular 
to AC : then, since the sum of the angles ABD, ABF, is 
equal to two right angles (theorem 1), and, by h}rpothesis, 
the sum of the two angles ABD, B AC, is also equal to two right angles ; there- 
fore the two angles ABD, ABF, are together equal to the sum of the two 
angles ABD, BAC ; and, taking away the common angle ABD, there remains 
the angle ABF = BAC ; that is, GBF equal to GAE. But the angles BGF 
and AGE are also equal {theorem 3) ^ and, since BG is equal to GA, therefore 
the triangles BGF and AGE, having a side and two adjacent angles of the one 
equal to a side and two adjacent angles of the other, are equal (theorem 6), 
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ftud tiie'sngle BFG is dqiial to AEG; but AEG hi, by constroetioii^ a 
right angle; therefore, BFG is also a right angle; and/ since GEC is m 
right angle, the straight lines EC and FI> are perpendicular to £F, and are, 
therefore, parallel to each other (theorem It). 

THEOREM 19. 

70. If two straight lines, AC, BD, make with a third, HK, the alternate 
angles, AHK and HKD,^equal, the two lines are parallel. 

For, adding KHC to each of the angles AHK, HKD, the . 
sum of the angles AHK, KHC, is equal to the sum of the 
angles HKD, KHC ; but the angles AHK, KHC, are to- b 
gether equal to two right angles ; therefore, also, the angles L 

HKD, KHC, are also equal to two right angles ; and, consequently, AC is pa< 
rallel to BD {theorem 18). 

THEOREM 20. 

71. If two straight Knes, AC, BD, are cut by a third, FG, so as to make the 
exterior angle, FHC, equal to the interior and opposite angle, HGD, on the 
same side, the two lines are parallel. 

For, since the angle FHC is equal to the angle AHG, and 
since, when AC is parallel to BD, the angle AHG is equal to 
HGD {theorem 19), therefore the angle FHC is equal to HGD. 

THEOREM 21. 

72. If a straight line, EF, meet two parallel straight lines, AC, BD, the sum 
of the inward angles CEF, EFD, on the same side, will be equal to two 
right angles. 

For, if not, suppose EG to be drawn through E, so that Ji — £. £L 

the sum of the angles GEF and EFD may be two right \^€i- 

angles ; then EG will be parallel to BD {theorem 18) ; and 5 ^? — u 

thus, through the same point E, two straight lines, EG, EC, are drawn, each 
parallel to BD ; which is impossible {ax. 11, p. IS) ; therefore no straight 

3. G 
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line that does not coincide with AC^ is parallel to BD ; wherefore the 
straight line AC is parallel to BD. 

73. Corollary. — If a straight line is perpendicular to one of two parallel 
straight lines, it is also perpendicular to the other. 

THEOREM 22. 

74. If a straight line, HK, meet two parallel straight lines> AC, BD, the 
alternate angles, AHK, HKD, shall be equal. 

For, the sum of the angles CHK, HKD, is equal to two ^ — 
right angles ; and the sum of the angles BKH, AHK, is also 





equal to two right angles ; therefore the angle HKD must V k 
be equal to AHK* 

THEOREM 23. 

75. If a straight line FG, cut two parallel straight lines, AC, BD, the ex- 
terior angle, FHC, is equal to the interior and opposite angle HKD. 

For, since the angle. FHC is equal to the angle AHK ^ ^^ 
{theorem 3), and the angle AHK equal to the angle HKD ; 
therefore the angle FHC is equal to the angle HKD. u /«l d 

THEOREM 24. 

70. If a straight line, EF, meet two other straight lines, EG, FD, and 
make the two interior angles, EFD, FEG, on the same side, less than two 
right angles, the lines EG, FD, meet, if produced, on the side of EF, on which 
the angles are less than two right angles. 

For, if they do not meet on that side, they are either parallel,^ or else they 
meet on the other side. Now they cannot be parallel, for then the two in- 
terior angles wouM be equal to two right angles, instead of being less. 
Again, to show that they cannot meet on the other side,, 
suppose E A to be parallel to DFB ; then, because the sum "^ 
of the angles EFD, FEG, is, by hypothesis less than two 
right angles, that is, less than the sum of the two angles, ^ 
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FEK, PEG {theorem I), and EFD is equal to FEA {theorem 20); therefore the 
sum of the two angles FEA, FEG, is less than the sum of the two angles 
FEK, FEG ; and, taking FEG from both, FEA is less than FEK : hence, FB 
and £K must be on opposite sides of EA ; and, therefore, can never meet ^ 

The truth of this proposition ifi assumed as an axiom in the Elements of 
Euclid, and made the foundation of parallel lines. 

THEOREM 25. 

77. Two straight lines, AB, CD, parallel to a third, £F, are parallel to one 
another. 

Draw the straight line PQR, perpendicular to EF. Be- j: r y 

cause AB is parallel to EF, the line PR shall be perpen- j^ 

dicular to AB; and, because CD is parallel to EF, the 

line PR is also perpendicular to CD : therefore AB and A \sl B 




CD are perpendicular to the same straight line PQ \ hence they are parallel 
{theorem 17). 

THEOREM 26. 

% 

78. Two parallel straight lines are every where equally distant^ 
Let AB, CD, be two parallel straight lines. From any c y 
points, E abd F, in one of them, suppose perpendiculars EG, 

FH, to be drawn; these, when produced, will meet the iHp^ ;4n5 

others at right angles, in H and G. Join FG; then, because FH and 
EG are both perpendicular to AB, they are parallel (theorem 17); there- 
fore, the alternate angles, HFG, FGE, which they make with FG are equaj 
{theorem 22) : and, because AB is parallel to CD, the alternate angles, GFE, 
FGH, ate also equal; therefore the two triangles GEF, FHG, have two 
angles of the one equal to two angles of the other, each to each ; and the 
side FG, adjacent to the equal angles, common; the triangles are. therefore 
equal {theorem 6) ; and FH is equal to EG ; that is, any two points, F, E> on 
ihe one of the lines, are equidistant from the other line. 
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THEOREM 27. 

79. In any ttmagle, ifxmeof the sides be jMwftwMl^ the exterior ei^Ie is 
equal to bodi die interior and opposifcea^les ; and the three interior angles 
are equal to two right angles* 

Let ABC be a triangle ; produce any one of its sides, AC 
towards D ; and, from the point A, let AE be drawn, parallel 
to BC ; and, because of the naiallds CB and AE, and the 
angle EAD = C, and the angle EAB - B (theorems 22, 23) ; therefore the sum 
of the two angles^ EAD, EAB, is equal to the sum of the two angles C and B ; 
that is, since the aqgle BAD is equal to the sum of the two angles BAE, EAD, 
the angle BAD is equal to the sum of the angles B, C. Hence the outward 
angle is equal to the sum of the inward opposite w%les. 

Again, because the angle BAD is equal to the snpi of the angles B and C, 
add to each the angle B AC, and the sum of the two angles B AC^ BAI), will 
be equal to the sum of the three angles BAC, B, C, or the three angles of the 
triangle ; but the sum of the two angles BAC, BAD, is equal to two right 
angles {theorem 1) ; therefore the sum of the three angles of a triangle is 
equal to two right angles. 

80. Corollary 1. — If two angles of one triangle be equal to two angles of 
another triangle, each to each, the third angle of the one shall be equal to the 
third angle of the other, and the triangles shall be equi-angular. 

81* CoROLLART 2. — A triangle can have only one right angle. 

82. Corollary 3. — In any right-angled triangle the sum of the two acute 
angles is equal to a right angle. 

83. Corollary 4. — ^In an equilateral triangle, each of the angles is one- 
third of two right angles. 
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THfiORBM 28. 

84« The opposite sides of a parallelogram are equals as well as the^qipoBite 
angles. 

Draw the diagonal BD. The triangles ADB, DEC, p^ c 

have the common side DB ; also^ because of the parallels, 
AB, CD, the angle ABD is equal to CDB (theorem 22) ; 
and, because of the parallels AD, BC, the angle ADB is equal to DBC ; there- 
fore the triangles (theorem 6) and the sides AB, DC, which are opposite &e 
equal angles, are equal. In like manner AD and BC are equal ; therefore the 
opposite sides of the parallelogram are equal. 

Again, from the equality of the triangles, it follows, that the angle A is 
equal to the angle C ; and it has been shown that the angles ADB, BDC, are 
respectively equal to the angles CBD, DBA ; therefore the whole angle ADC 
is equal to the whole angle ABC, and thus the opposite angles are equal. ^ 

85. Corollary. — Two parallels, AB, CD, comprehended between two 
other parallels, AD, BC, are equal. 

THEOREM 29. 

86. If the opposite sides of a quadrilateral be equal, the figure is a parallelo- 
gram. 

For, drawing the diagonal BD, (as above,) the triangles ABD, BDC, have 
the three sides equal, each to each ; therefore the angle ADB, opposite to 
the side AB, is equal to the angle CBD, opposite to the side CD (theorem 10); 
hence the side AD is parallel to BC (theorem 19). For the like reason AB is 
parallel to CD : therefore the quadrilateral, ABCD, is a parallelogram. 

THEOREM 30. 

87. A straight line, BD, drawn perpendicular to the extremity of a radius, 
C A, is a tangent to the circumference. 

For every oblique line, CE, is longer than the perpendicu- 

JB A 13 P 

lar CA {theorem 15) ; therefore the point E must be without 
the circle ; and since this is true of every point in the line 
BD, except the point A, the line BD is a tangent (def.9,p. 11). 
4. H 
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THEOREM 31. 

88. Only one tangent can be drawn from a pointy A^ in the circumference 
of a circle. 

Let BD be a tangent at A, in the circumference, de- ^-^ — "^ ^ 

scribed with the radius CA ; and let AG be another tan- 
gent, if possible ; then, as CA would not be perpendicular 
to AG, another line, CF, would be perpendicular to AG, and so CF would be 
less than CA (theorem 14) ; therefore F would fall within the circle, and AF, 
if produced, woiild cut the circumference. 

THEOREM 32. 

89. If two circumferences cut each other, the straight line which passes 
through their centres shall be perpendicular to the chord which joins the 
points of intersection, and shall divide it into two equal parts. 

For the line AB, which joins the points of intersection, 
being a common chord to the two circles ; if, through the 
middle of this chord, a perpendicular be drawn, it will 
pass through the points C, D, the centres of the two circles. 
But only one line can be drawn through two given points ; therefore the 
straight line which passes through the centres is a perpendicular to the 
middle of the common chord. 

THEOREM 88. 

90. In the same circle, or in equal circles, equal angles ACB, DCE, at the 
centre, intercept equal arcs, AB, DE, on the circumference ; and conversely, 
if the arcs AB, DE, be equal, the angles ACB and DCE are also equal. 

If the angle ACB be equal to DCE, these two 
angles may be placed on each other ; and, as 
their sides are equal, the point A will ML on D, 
and the point B on E ; but then the arc AB must ^ 

also fall on DE ; for, if the two arcs did not coincide, there would be, in one 
or the other, points unequally distant from the centre ; therefore the arc AB 
is equal to DE. 
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Next, if the arc AB be equal to DE, the angle ACB shall be equal to DCE ; 
for, if they are not equal, let ACB be the greater, and take ACI equal to 
DCE ; then, by what has been demonstrated, AI is equal to DE ; but, by hy- 
pothesis, the arc AB is equal to DE ; therefore the arc AI is equal to AB, 
which is impossible : therefore the angle ACB is equal to DCE. 

THEOREM 34. 

91. An angle, ACB, at the centre of a circle, is double of the angle at the 
cirumference, upon the same arc, AB. 

Draw DC, [fig. 1,) and produce it to E. First, 
let the angle at the centre be within the angle at 
the circumference, then the angle ACE is equal 
to the sum of the angles CAD, CDA {theorem 27) ; 
but, because CA is equal to CD, the angle CAD is 
equal to CDA {theorem 11) ; therefore the angle ACE is equal to twice the 
angle CDA. By the same reason the angle BCE is equal to twice the angle 
CDB ; therefore the whole angle ACB is double the whole angle ADB. 

Next, let the angle at the centre (Jig. 2,) be without the angle at the cir- 
cumference. It may be demonstrated, as in the first case, that the angle 
ECB is equal to twice the angle EDB, and that the angle ECA, a part of the 
first, is equal to twice EDA, a part of the second ; therefore, the remainder, 
ACB, is double the remainder ADB. 

THEOREM 35. 

92. The angles, ADB, AEB, in the same segment, AEB, of a circle, are 
equal to one another. 

Let C {fig. 1) be the centre of the circle ; 
and, first, let the segment AEB be greater 
than a semi-circle. Draw CA, CB, to the ends 
of the base of the segment; then each of the 
angles, ADB, AEB, will be half of the angle 
ACB {theorem 34) ; therefore the angles ADB and AEB are pqual. 



Fi^.l. 
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Next, Ut the segment AEB (^g. 2,) be lei^s than a semi-circle ; draw the 
diameter DCF, and join EF; and, because the segment ADEF is greater 
than a semi-circle, by the first tase, the angle ADF is equal to AEF. In like 
maimer, because the segment BEDF is greater than a liemi-circle, the angle 
BDF is equal to the angle BEF ; therefore the whole angle ADB is equal to 
the whole angle AEB. 

THEOREM 36. 

93. The sum of the opposite angles of any quadrilateral, ABCD, inscribed 
in a circle, is equal to two right angles. 

Draw the diagonals AC, BD. In the segment ABCD, the 
angle ABD is equal to ACD ; and, in the segment CBAD, the 
angle CBD is equal to CAD (theorem 35); therefore the whole 
angle ABC is equal to the sum of the two angles ACD, CAD ; 
and, adding ADC, the sum of the two angles, ABC, ADC, is equal to the sum 
of the three angles. Now these three angles are the angles of the triangle 
ADC, and therefore equal to two right angles (theorem 27) : therefore the 
sum of the two angles ABC, ADC, is equal to two right angles. In the same 
manner it may be demonstrated that the sum of the two angles BAD, BCD, is 
equal to two right angles. 

THEOREM 37. 

94. An angle ABD, in a semi-circle, is a right angle ; an angle BAD, in a 
segment greater than a semi-cirde, is less than a right angle ; and an angle, 
BED, in a segment less than a semi-drcle, is greater than a right angle. 

Produce AB to F, draw BC to the centre, and, because CA is 
equal to CB, the angle CBA is equal to CAB {theorem 11). In 
like maimer, because CD is equal to CB, the angle CBD is equal 
to CDB ; therefore the sum of the two angles CBA, CBD, is 
equal to the sum of the two angles CAB, CDB ; that is, the 
angle ABD is equal to the sum of the two angles CAB, CDB : but this last 
sum is equal to the angle DBF {theorem 27) ; therefore the angle ABD is 
equal to the angle DBF : but, when the angles are equal on each side of a 
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straight line which meets another, each of these angles is a right angle; 
therefore each of the angles A6D and DBF is a right angle; aod> coiise>- 
quently, the angle ABD in a semincircle is a right angle. 

Again, because in. the triangle ABD, the angle ABD is a right angle ; there- 
fore BAD, which is manifestly in a segment less thaii a semi*<;ircle, is less 
than a right angle : and, lastly, because ABED is a quadrilateral in a circle, 
the sum of the two angles A, E, is equal to two right angles ; but the angle 
A is less than a right angle ; therefore E, which is in a segment less than a 
semi-circle, is greater than a right angle. 

THEOREM 38. 

95. The angle BAE, contained by a tangent AE to a circle, and a chord AB, 
drawn from the point of contact, is equal to the angle AGB in the alternate 
segment. 

Let the diameter ACF be drawn, and GF be joined ; and, 
because the angles FGA, FAE, are right-angles {theorems 
37, 30), and of these FGB, a part of the one, is equal to FAB, 
a part of the other, {theorem 35,) the remainders BAE, BAG, u- 
are equal. 




ALGEBRA. 

96. ALGEBRA is a method of demonstrating propositions, and resolving 
questions, by means of the letters of the alphabet used as s}rmbols. 

Letters are employed to denote angles, lines, surfaces, or solids ; each 
being considered as a multitude of units of the kind to which it belongs ; and,- 
consequently, as number, abstracted from figure. Thus, a letter may denote 
the number 3, or a line of five equal parts of any measure ; as inches, yards, 
miles, &c. and so on. 

Letters which are thus generally employed are CBXi<^^ qumUities ; they being 
the representation tfquantitiee. 

4. I 
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It frequeBtly happens that a quantity consists of several quantities of the 
same knidL as of two or more distances to make one distance; these must^ 
therefore, be joined by additicm^ w by addition and sobtriiction. In order to 
iodi^te tbifl juQction^ two distinct ^gm will be necessary. 

The 9i^ + (pl^) impliea that the quantity which follows it is to be added 
to that wMoh goes before, and that all the quantities, when more than one, 
are to be added together into one sum. Thus,a+d shows that i is to be 
added taa> Qr I^ma a aud 6 are to be added together* 

Again, a+&+c+^ implies that 6 is to be added to a ; c, to the sum of a 
and h; d, to the sum of a, b,c. 

The sign — {minus) placed between two quantities, denotes that the quan- 
tity which follows it is to be subtracted from that which precedes it. 

Thus, m— n denotes that the quantity represented by n is to be subtracted 
from that represented by m. Suppose, for iustance, that m is 7, and n 3 ; 
then 7-3 will be 4. Therefore, m-^n denotes the remainder arising by sub- 
tracting ;^ from m. 

Hence Subtraction is an opposite operation to Addition ; and, therefore, 

■ ■ 

if any quantity be both added to tod subtracted from the same quantity, 
the quantity thus added and subtracted may be taken away entirely, by 
which the expression will be in its most simple form: thus, m+a—a is 
equivalent to m. 

When two quantities are equal to each other, this equality is implied by 
the interposition of the double bar = between each of the quantities. Thus, 
m^m^a^m*^ as,also, 44-8-f6-<«-2s:ll. Equal quantitiei^ thus connected, 
are called Mquations. 

Terms are dl those parts of an expressicm that are separated by the signs 
of Addison and Subtraction. 

Thus^a+i4*'e*-<^, is a quantity cansisting of four t0rmM. 

Qo^ntit^ vAich contain two terms are called bifwmitds: thus, a+i^> or, 
<z—i, are binomials. 

The MuuTiFMCAXiQi^ of two or more fiictors is indicated by connecting the 
letters representing the factors ; as, ab denotes a produet of tWf^.fiM^tors; n&o; a 
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.product of the three factors, a, b, and x. Thus, let as 2/ &= 8, and x^&\ 
then dbx^dO : Again, mmmm signify a product of four fiEU^rs, of which all 
are equal : suppose m^2, then mmmm^lQ. 

When any number of factors are equal to each other, instead of repeating 
them to that number in the representation of the product, the product will 
be indicated with less trouble by writing only one of the equal factors and a 
digit ; the latter containing as many units as the factors are in number, over 
the rightrhand side of the fkctor so written. Thus, instead of aa, hhby xx, 
xxxr the same idea will be more conyeniently expressed thus, €?, V, a?, a?. 

The continued product of equal quantities is called a Power ; the quantity 
itself is called the Base of that power ; and the digit, which indicates the 
number of factors, is called the Index or Expanenl of that power. 

When &ctors of a product consist of compound terms, each compound 
factor is enclosed within brackets^ or parentheses, and the &ctors thus 
included are joined to each other by bringing the bracket on the left hand of 
the one nearly dose to that on the right-hand of the other. 

Thus, the product ofa+6-fc, x+a+c+d, and a+x, is represented by 
(a-^b+c) {x + a+c + d) {a+x). Leta=l, b = 2, e = 3, J=4, anda?=5, then 
will(a + i + c) {x + a + c+d) (a + a:) = (l + 2+3) (5 + 1+3+4) (l + 5) = 468. 

Any Power of a compoimd quantity is represented in a similar manner to 
that of representing a simple quantity, by inclosing the compound within 
brackets, and writing the number which indicates the power over the right- 
hand bracket, and on the right-hand side of that bracket : thus, {a + hf de* 
notes the cube oia + b, and (x + y + s)^ denotes the fourth power a^x + y+tu 

Division is represented by placing the dividend above the divisor, with a 
short line between them, as \ ; which expression shows how often the quaa<»> 
tity a contains the quantity b\ or how often the dividend contains the 
divisor. Let a be 12, and & be 3, then \ will be 4. 

Fractions are represented in the same manner as Division^ by placing the 
numerator above and the denominator below a short line. Thus, ^ indicates 
a fraction, whose numerator is m^ and daiominat(Nr n. Let m be equal to 2^ 

and n equal to 3 ; then - is equivalent to f or two-thirds : or, if we siq>pose 
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m to be equal to 17, and n equal to 5^ then \ would be 17-fifthB of unity, or 
by dividing the numerator m,, which is equivalent to 17^ by the denominator n^ 
which is equivalent to 5 : the quotient will be 3 and f • 

All expressions of quantity are said to be Simple when the operations are 
indicated by one or more letters^ either in Multiplication or Division, without 
the intervention of the signs + or — , as in the following : a,ab, |, ^; which 
are all Simple expressions. 

Known quantities are generally represented by the initial letters, a, b, c, &c. 
of the alphabet, or by numbers ; and the unknown quantities by the final letters. 



f>, ^, X, y, «. 



A Co-efficient is the number prefixed to any quantity. Thus, in the expres- 
sion 5x, the number 5 is the co-efficient of ^r ; or, if a; represent a quantity to 
be discovered by an operation, and a a quantity already known, then, in the 
expression ax, the quantity a is called the co-eflBicient of x. 

Having explained the forms which indicate the operations of Simple Quan- 
tities, we shall now explain the rules for those performed upon Compounds. 



ADDITION OF ALGEBRA. 

97. To add any number of simple affirmative quantities, which are of the 
same kind, together, or any number of quantities that have a conunon factor: 

Prefix the sum of the co-efficients to the quantity, and the product will 
represent the sum ; observing that, when no co-efficient is written, the co- 
efficient is understood to be unity : and, when the co-efficients are expressed 
by letters, these letters are to be joined with the sign + within brackets, and 
the common quantity adjoined or subjoined. 

In the following examples let the sum be put equal to S. 

Example 1. — ^Add a, a, a, a, a, together; then 5a = S. 

Example 2. — Add ax, 2 ax, 3 ax, together ; then 6axssS. 

Ex.3. — Add ax, bx, ex, dx, ex,fx, together; then (a-f 6+e+J+^-t/)a?=S. 

98. To add any number of simple affirmative quantities of different kinds 
together : 
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Connect the whole to be added by the sign + ; and^ if two or more of 
these quantities are to be founds of the same kind^ they must be united into 
one simple quantity, or term, as above. 

JExample 1. — ^Add a, b, c, d, together ; then a + b + c + d=S. 

Example 2.— Add a,b,bjC,h,dx,ey, together; a + 36 + c + dii?-i-^y = S. 

99. To add quantities together which have different signs : 

Join all the quantities into one expression for the sum ; observing to prefix 
the same sign to each quantity that it had before the whole were united. 
Example. — Add a, — bx, cd, — 2 Jo?, together ; then, a + c J— 3 &r = S. 

100. To add Compound Quantities together : 

Connect all the quantities, in the several parts, to be added into one expres- 
sion, giving each quantity the same sign that it had before, in each separate 
part, and observing to unite such terms as may be found of the same kind. 

Example. — ^Add 5 6a: + y, 5 oi — ^, 2 6x — 3 ai + 3 ^ar, together. The answer 
willbe75a: + 2ai+^-^ + 3^a:=S. 



SUBTRACTION OF ALGEBRA. 

101. To subtract one simple quantity from another : 

Join the quantity to be subtracted to that from which the subtraction is to 
be made, with a different sign to the original one. Let the difference be put 
equal to D. 

Example 1. — Subtract n from m ; then m-n = D. 

Example 2. — Subtract Sab from tab ; then 7aJ— 3aJ = 4a6 = D. 

102, To subtract a compound quantity either from a simple or compound 
quantity. 

Subjoin the terms of the quantity to be taken away, with their signs 
changed, to that from which they are to be taken ; observing that, when two 
terms are of the same kind, they must be united. 

Ex. — From xtf+^b—Sc, subtract bx—S i+4 c ; then xy+9 b-7c-bx = J). 

It is evident that changing the signs of the terms of the quantity to be 
taken away cannot affect its aggregate or value, considered independently of 

5. K 
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its signs. For» if they are of diferant kinds, the difference must be the same 
after the change as before it took place. 
Thus, let 5 — 2 + 7 - 3, be a quantity to be subtracted. 

Then 5-2 + 7-3 = 7 
and -5 + 2-7 + 3= -7 
Hence we see the reason for changing the signs of the quantity to be sub- 
tracted. 

> 

MULTIPLICATION OF ALGEBRA. 

103. To find the algebraic product of two compound fieictors^ or of one 

simple and the other compound. 

If one of the fiu^tors be a simple quantity^ let that &ctor be made the mul- 
tiplier; then join the multiplier to every term of the multiplicand^ and prefix 
the sign + to each product when its fisu^tors have like signs ; but prefix the 
sign — when its factors have unlike signs ; then the sum of all the products is 
the total product. 

If the multiplier consist of more than one term, proceed with every term 
of the multiplier in the same manner as if it had but one term ; then the sum 
of all the simple products is the whole product ; observing ^hat, all such 
simple products, as have a common factor, may be united together. 

Example 1. — Multiply a + J by a + 6. 

Operation . .. a + b 

a + b 



a^ + ab 
-hab-i-b^ 

a* + 2a* + 6*=:(a + J)* 

104. So that the square of any binomial consists of the square of each, part 
and twice their product. 

Hence, if we see such a quantity asa^-^ 2ax + a*, we shall immediately know 
that it is the square of the binomial x^-a. 
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Example 2. — Multiply a— i by a— 6, or find the square of a— 6. 

Operation. . . a— 6 



105. Hence the square of any binomial, which has one of its parts negative, 
is the same which ever of the parts be negative ; for the square of each of 
the parts is always affirmative, and twice the product of the two parts is 
negative ; so that the square of a — i is the very same as the square of i — a. 

Example 3. — Multiply a+i by a - ft. 
Operation. • . a+ J 



^ab-V 
a* ♦-y=:(a+i) (a - h) 

106. Hence we shall always know, by bare inspection only, that the differ- 
ence of two squares is the product of the sum and difference of the roots : 
hence oi^—ffzz^ (^+y) (^—y)* and, reciprocally, that the product of the sum and 
difference of any two quantities is equal to the difference of their squares. 

Thus («+») (a - «) = a* - «•. 



ALGEBRAIC DIVISION AND FRACTIONS. 

107. Division is the converse of Multiplication ; therefore, if the signs be 
alike in the divisor and dividend, the quotient will be affirmative ; but if unlike, 
the quotient will be negative. The general rule is to place the dividend in 
the form of a numerator, and the divisor in that of a denominator ; expunge 
like quantities from both, and divide the co-efficients by the greatest common 
measure. 
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Example 1.— Divide ^ahhjh ¥ = ^ 

Example 2.— Divide -ahc by — Jr . . I3j^= | 
Example 3. — Divide A^ac by 16ia . . . . ^^ = jj 

108- Powers of the same root are divided by subtracting their exponents. 

Example 1. — Divide ^ by J', . . ^ = *•♦ 

Example 2.— Divide a^6V by a*6* . . . .^=a* Jc*. 

109. A Fraction is multiplied by any quantity by joining it to the nume- 
rator ; thus, the product of r and ^ is represented by 2J, which is the product 
of im divided by », or the number of times that the product rm contains n. 

Since the operation of division is opposite to that of multiplication, if a 
fraction be multiplied by a quantity equd to its denominator, both the de- 
nominator and the multiplier may be taken away from the result; thus, 
if J be multiplied by ft, the result is ^, which is equivalent to the quantity 
a only. 

110. The Terms of a fraction are its numerator and denominator. 

If the terms of a fraction be equally multiplied, that is, multiplied by the 
same quantity, the value of that fraction will be the same as before \ thus 
j=s^: and, if the terms of a fraction be equally divided by the same quantity, 
the result will be equal to the original quantity. 



ALGEBRAIC EQUATIONS. 

111. The resolution of an equation is the mode of finding the value of the 
unknown quantity, in terms of those which are given. 

The principles of this resolution depend on the following axioms, which are 
similar to those already given at the beginning of the Geometry, in page 15. 

1. If to each side of an equation the same quantity be added, the sums will 
be an equation still. 

2. If from each side of an equation the same quantity be subtracted, the 
remainders will still be an equation. 
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3. If each side of in equation be multiplied by the same quantity, the pro- 
ducts will be an equation. 

4. If each side of an equation be divided by the same quantity, the quotients 
will still be an equation, 

OF PROPORTION. 

112. Definition.— Four quantities are proportionals when the first c(m- 
tains some part of the second, as often as the third contains the like part of 
the fourth. 

THBOREBf 39. 

113. If four quantities, a, h, c, d, are proportionals, the product of the two 
extremes will be equal to the product of the two means. 

Let the first, a, contain the nth part of the second h, m times ; then, by the de- 
finition, the third, c, will contain the nth part of d also m times ; now the nth part 
of J is -L and the ntfi part ofdis - ; therefore ?=»» ; and |=«i; wherefore? = 4 



Multiply each side of this equation by bd, and ^ = ^ ; therefore, dividing the 
terms of the fraction on the first side by i, and the terms of the fraction on the 
second side by d, which are common, ad=bc. 

THEOREM 40. 

114. If any equation consist of the product of two quantities on each side, 
fmd if the four factors be placed in a row, so that the two fiu^tors on either 
side may occupy the middle place of the four, and the other two each one 
of the extreme places ; the four factors, thus taken in order, will be pro- 
portionals. 

Let ad=b€: Now here are four different ways of taking out the quantities ; 
but in which ever of these ways they are taken, we shall always have ad=bc, 
by multiplying the two extreme terms together, and the two middle terms 
together. 

Let, therefore, a, b, c, d, be one of the four ; then, since ad=:bc, divide both 
sides by bd and ^= ^ ' ^^^^ i^^ I = a « ^ovf let h be the common measure of a 

5. L 
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tod &i suppwiQg A CQAtwi^d in a^ » times^ aiid ill ^ M t^ then 1=^ = ^; 
therefore i=m; but - is the nth part of b ; therefore the nth part of b is eonr 

n 

tained in a,m limes. 

Again^ let c = wii, and we shall have ^ " -j ; wherefore, by this equation, 
d^ni; therefore j =-= ^ ; and, consequently, J = m : wherefore, also, c con- 
tains the nth part of d, m times. 

1 16. Corollary. — Hence, if two fractions are equal, the numerator of the one 
will be to its denominator, as the numerator of the other is to its denominator. 

To indicate that four quantities, a, b, c, d, are proportionals, the sign : is 
placed between the first two and between the last two ; and the sign : : is 
placed between the two terms that stand in the middle ; thus, a : b :: c : d, 
is read, as a is to i, so is c to ^ 

116. Four proportionals are termed Siprcportun^ . 

Of four proportional quantities, the last term is called the fourth propor- 
tional to the other three« 

The first and third terms, of a proportion are called the antecedents, and the 
second and fourth terms the consequents. 



SCHOLIVSr. 

117. Since, from ad^be, we may choose four different ways of taking out 
the first term> in order to make a propwtion ; and since there are two ways of 
making choice of the second term after the first, there are eight ways in which 
the positions df the terms will be different : these 



a : 


b 




c : 


d 


a : 


e 




b : 


d 


b : 


a 




d : 


c 


b : 


d 




a : 


c 


c : 


a 




d : 


b 


c : 


d 




a : 


b 


d : 


b 




c : 


a 


d: 


c 




b : 


a 



118. So that, in every two sets of proportionals, where the same quantity 
stands firsti the terms of the one set are placed alternately to those of the 
other ; and we may also observe that, four of these sets of proportionals have 
their terms inverted with regard to the other four, and are therefore the same 
when read in contrary order. 

THEOREM 41. 

119. If the corresponding terms of any number of proportions are multi- 
plied together, the products, taken in the same order, will be proportionalsf. 

Thus, as a : b :: € : d 
e : f :: g : h 

then, as aei : Ifk : : c^ : dhm 
For arf= he 
ehzzfg 
im =r hi 
therefore, adehim:=Lhtfgkl. 
Consequently, aei : hfk : : cgl : dhm ; therefore the proposition is manifest 

120. Corollary. — Hence, if the proportions are the same as the ^rst, We 
shall have a^ : P :: c^ : d^. 

121. The proportion which is formed by the multiplication of the corres- 
ponding terms of two or more proportions i^ said to be compounded of these 
proportions. 

When two of the proportions to be compounded are the same^ the propor- 
tion compounded of the two is said to be the duplicate of either: thUs^ 
(^ \V ::(? : d^ is in duplicate proportion to that of a : J : : c : rf. 

When three proportionals, which are the same, are compounded, the coHi- 
pound is said to be triplicate to either of the simple ones : thus, cr* : ^ : : c^ : ^, 
is the triplicate proportion of a : b :: c : d. 

And so on to the succeeding orders. 
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THEOREM 42. 

122. If four quantities, a, h, e, d, be proportionals, the first will be to the 
sum of the first and second as the third is to the sum of the third and fourth. 

For, since a, h, c, d, are proportionals, ad=zbc. To each side of this equa- 
tion add the product ac, and we have ad+acssbc+ac ; that is, a(c+d)ssc(a+b). 

Therefore, a : a+b :: c : ^-h(. 

123« Corollary. — Since out of the two equal products ad, be, four com- 
binations in twos may be chosen, viz. 

ab, ac, bd, cd, 
we may therefore have the four following equations all different, by adding 
each combination to each side of the equation ad=ibc^ viz. 

No. !....« (c+rf) = c{a^b) 
2,...a(J+rf) = J(a+c) 
Z....d{fl+b) =i(c+rf) 
4.,..rf(a+c) =c(4+rf) 

Since each of these equations will give eight sets of proportionals ; therefore 
the whole four will give thirty-two. 

THEOREM 43. 

124. If four quantities, a, b, c, d^ be proportionals, as the first is to the 
difference of the first and second, so is the third f o the difference of the third 
and fourth. 

For, since a, b, c, d, are proportional, ad^bc. Subtract each side of this 
equation from the product ac, and we have ac-'ad^ac--bc\ that is, 
a(c— rf) = c(a-4), whence a : a— 6 xi c ic-d. 

125. Corollary. — Since out of the two equal products ad, be, we may 
choose the four combinations in twos, viz. od, oc, Adf, cd ; and may therefore 
have the four following equations, by subtracting each side of the original 
equation, adzibc, from each combination. 
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No, 1.. . .a(c— c?)=c(a — ft) 
2 a{b-d)^b(a-c) 

4. . . .d(c—a) = c{d'~b) 

126. Again, by subtracting each of the products, ab, ac, bd, cd, from each 
side of the original equation, ad= be, we have — 

No. 1.. . .a(rf— c) = c(&— a) 
2. . . .a(rf— J) = i(c— «) 
3. • • .d{a — b)^b(c'-d) 
4. . . .d(a—c)=c{b— d) 
Now, since every one of these eight different equations will give eight sets 
of proportionals, in each set of which the situations of the terms will be 
varied ; therefore the whole will give sixty-four sets of proportionals, in which 
the terms will have different situations in every two sets. 

THEOREM 44. 

127. If four quantities, a, i, c, dy be proportionals, it will be, as the sum of 
the first and second is to their difference, so is the sum of the third and fourth 
to their difference. 

For, dividing the equation. No. 3, pr. 123, by the equation. No. 3, pr. 126, 
we shall have — 

a+b c+rf 
a-^b" c^d 

And, by dividing the equation. No. 3, in 123, by the equation. No. 3, in 
pr. 126, we have, 

b-^a" d^c 

Wherefore a + b : a^^b :: c + d : c^^d* 

128. Three quantities are said to be proportionals when the first is to the 
middle quantity as the middle quantity is to the third ; thus, let a, b, c, be 
three proportionals ; then a : b :: b : c. 

* The character ^ between two quantities signifies the difference, as 5^9 s4. 
6. M 
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THEOREM 45. 

129. If three quantities be proportionals^ the product of the two extremes is 
equal to the square of the mean. 

Let a, h, c, be the three proportionals ; then, ac = J^ for, since - = 7 , mul- 
tiply both sides of this equation by ah, and — = 4^, that is, J* = ac. 



THEOREM 46. 

130. If the first and second terms of two proportions are alike, the third 
and fourth terms of both, placed in the order of their antecedents and con- 
sequents, will be proportionals. 

Let aih :: c : d, and a:h :: e :f\ then will c \ d \\ e \ f. From the first 
proportion we have adzzbc, and from the second we have bezzqf; thereft)re, 
multiplying the corresponding sides of these equations, we have adbe^hcaf\ 
and, throwing out the common factors on each side of this equation, there 
will remain de:=^cf\ wherefore, c i di: e if. 

THEOREM 47. 

131. In any number of proportionals, of which all the ratios are equal, it 
will be, as the antecedent of any ratio is to its consequent, so is the sum of all 
the antecedents of the other ratios to the sum of all the consequents. 

For,let f=^, ^=>,;J=f, thenwffl |=i = l=f. 

Therefore, adzibc 

af'='he 
ah^hg 
Whence a {d +/+ *) ^b{c + e +g.) 
Wherefore, a : b :: c+e-i-g : d+f+h, as was to be shown. 
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GEOMETRY, continued. 

Having now explained so much of the principles of Algebra and Propor- 
tion as may be requisite to elucidate the subsequent propositions^ we again 
proceed with the Elements of Geometry. The geometric definitions, &c. 
have been given^ generally, in pages 10 to 14 ; but to those already explained 
are to be added several which follow, as it now becomes necessary that they, 
also, should be known. 

132. Equivalent Figures are such as have equal surfaces, without regard 
to their form. 

133. Identical Figures are such as would entirely coincide, if the one be 
applied to the other. 

134. In Equiangular Figures, the sides which contain the equal angles, 
and which adjoin equal angles, are homologous. 

135. Two figureis are similar y when the angles of the one are equal to the 
angles of the other, each to each, and the homologous sides are proportionals. 

136. In two Circles, similar sectors, similar arcs, or similar segments, are 
those which have equal angles at the centre. 

Thus, if the sector 
ABC be similar to the \ / \ /' ^ ^ y>^ 

sector DEF, then the 
angle ABC will be 
equal to the angle DEF ; or, if the arc AC be similar to the arc DF, then the 
angle at B will be equal to the angle at E. Also, if the segment GMH be 
similar to the segment KNL, the angle I will be equal to the angle R. 

137. The Area of a figure is the quantity of surface, containing a certain 
TJiHimber of units of any given scale ; as of inches, feet, yards, &c. 
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THEOREM 48. 



138. Parallelograms which have equal bases and equal altitudes are equal. 



Fig.l. 



Fig. 2. 




Take the two parallelograms, ABCD, 
and ABEF, upon the same base, AB, and 
between the same parallels, AB and DE ; 
these parallelograms are equal. 

For, in the parallelogram ABCD {fig. 1), 
the opposite sides CD and AB are equal ; and in the parallelogram ABEF, 
the opposite sides EF and AB are equal ; therefore EF is equal to CD (84)*. 
Again, in the parallelogram ABCD (Jig. 2), the side CD is equal to AB ; and, 
in the parallelogram ABEF, the side FE is equal to AB ; therefore EF is equal 
to CD. Now, in^g-. 1, since CD is equal to EF, add CFto both; then will 
DF be equal to CE. In Jig. 2, take away the common part CF, and there will 
remain DF equal to CE. Therefore, in each of these figures, the three straight 
lines AD, DF, FA, are respectively equal to the three straight lines BC, CE, 
EB ; and, consequently, the triangle ADF is equal to the triangle BCE : there* 
fore, from the quadrilateral ABED take away the triangle BCE, there will 
remain the parallelogram ABCD ; and, from the same quadrilateral, take away 
the equal triangle ADF, and there will remain the parallelogram ABEF: 
therefore the parallelogram ABCD is equal to the parallelogram ABEF. 

189. Corollary. — Every parallelogram is equal to a rectangle, of the same 
base and altitude. 

THEOREM 49. 

140. Any triangle is equal to half a parallelogram of the same base and' 
altitude. 

For the triangle ABC is equal to the triangle ACD, 
.and the parallelogram ABCD is equal to the sum of 
both triangles ; and, consequently, double to one of 
them. 




* The figures thus inserted in a parenthesis refer to a preceding 
this instance, to 84, on page 29. 
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141. CoROLLABY 1. — Hence every triangle is half a rectangle, having the 
same base and altitude. 

142. Corollary 2.— Triangles which have equal bases and equal altitudes 
are equal. 

[ 50. 






143. Rectangles, of the same altitude, are to one another as their bases. 

Let ABCD, AEFD, be two rectangles, which have a com- 
mon altitude AD ; they are to one another as their bases 
AB, AE. 

For, suppose that the base AB contains seven equal parts, 
and that the base AE contains four similar parts ; then, if 
AB be divided into seven equal parts, AE will contain four of them. At each 
point of division draw a perpendicular to the base, and these will divide the 
figure ABCD into seven equal rectangles (138) ; and, as AB contains seven 
such parts as AE contains four, the rectangle ABCD will also contain seven 
such parts as the rectangle AEFD contains four ; therefore the bases AB, AE, 
have the same ratio that the rectangles ABCD, AEFG, have. 



THEOREM SI. 

144. Rectangles are to one another as the products of the numbers which 
express their bases and altitudes. 

Let ABCD, AEGF, be two rectangles, and let some k 
line taken, as a unit, be contained m times in AB, 
the base of the one, and n times in AD, its altitude ; 
also p times In AE, the base of the other, and g times 



in AF, its altitude ; the rectangle ABCD shall be to '^ 
the rectangle AEGF, as the product mn is to the product pq. 

Let the rectangles be so placed that their bases AB, AE, may be in a 
straight line ; then their altitudes AD, AF, shall also form a straight line (48). 
Complete the rectangle EADH ; and, because this rectangle has the same alti- 



00 



THS KBW PRAOTIGAIi BVILDBE* &C. 



tilde as thereetangle ABCD, when EA and AB are taken as their bases ; and the 
same altitude as the rectangle AEGF, when AD, AF, are taken as their bases ; 
we have the rectangle ABCD : ADH£::AB: AE ::m :j9....(143) 

But m : p ::nm:pn 

therefore, ABCD : ADHE : : mn: pn. 
In like maimer, ADHE : AEGF :: pn: pq 
But, placing the terms of these two sets of proportionals alternately, we have. 



: ABCD : nm 
: AEGF : pq 
: AEGF : pq 

: nm : pq* 



H. 
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ADHE : pn 

and ADHE : pn 

therefore, by equality, ABCD : mn 
therefore, alternately, ABCD : AEGF 
145. Observation. — If ABCD, one of the 
rectangles, be a square, having the measuring 
upitfor its side; this square may be taken as 
the measuring unit of its surfaces ; because the 
linear unit, AB, is contained p times in EF, and 
q times in EH, by the proposition, 

1x1 : pq :: ABCD : EFGH. 
Hence the rectangle EFGH will contain the superficial unit ABCD, as often 
as the numeral product pq contains unity. 

Consequent^, the product pq will express the area of the rectangle, or will 
indicate how often it contains the unit of its surfaces. 

Thus, if EF contains the linear, unit AB four times, and EH contains it three 
times, the area EFGH wiU be 3x4=5 12: that is, equal to twelve times a 
square whose side AB is=: 1. 

In consequence of the surfoce of the rectangle EFGH being expressed by 
the product of its sides, the rectangle, or its area, may be deioted by the 
symbol EF x FG, in conformity to the manner of expressing a product in 
arithmetic. 

However, instead of expressing the area of a square;, made on a line AB, 
thus, AB X AB ; It is thus expressed AB^ 
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14p6. Note. — A rectangle is said to be contained by two of its aides, about 
any one of its angles. 

THEORBM 52. 

147. The area of a paranelogram is equal to the product of Its base and 
altitude. 

For the parallelogram ABCD is equal to the rectangle 
ABEF» which has the same base AB, and the same alti- 
tude (138), and this last is measured by AB x BE^ or by 
AB X AF ; that is the product of the base of the paraDelo- 
gram and its altitude. 

148. Corollary. — Parallelograms of the same base are to one another as 
their altitudes ; and parallelograms of the same altitudes are to one another 
as their bases. 

For, in the former case, put B for their common base, and A, a, for their alti- 
tudes ; then we have BxA:Bxa::A:a. And, in the latter case, put A for 
their common altitude, and B, b, for their bases ; then BxA:bxA::B:b. 
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THEOREM 53. 

14&. The area of a triangle is equal to the prodnct of the base by half its 
altitude. 

For the triangle ABC is half the parallelogram ABCE, ^ 

which has the same base, BC, and the same altitude AD 
(140) ; but the area of the parallelogram is BC x AD (147), 
therefore, the area of the triangle is ^ BC x AD, or ir 
BC X |AD. 

160. Corollary. — Two triangles of the same base are to one another as 

their altitudes ; and two triangles, of the same altitude, are to one another as 

their bases. 

thbo(RBM 54. 

161. The area of every trapezoid, ABCD, is equal to the product of half 
the sum of its parallel sides, AB, DC, by its altitude, EF. 
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Through I, the middle of the side BC^ draw KL/ parallel 
to the opposite side AD^ and produce DC until it meet KL 
in K. In the triangles IBL^ ICK, the side IB is equal to 
IC, and the angle B equal to C (74)^ the angle BIL equal to 
CIK ; therefore the triangles are equal (54)^ and the side CK equal to BL. 
Now the parallelogram ALKD is the sum of the polygon ALICD ; and the 
triangle CIK^ and the trapezoid ABCD^ is the sum of the same polygon and the 
triangle BIL ; therefore^ the trapezoid ABCD is equal to the parallelogram 
ALKD, and has, for its measure, AL x EF. Now AL is equal to DK, and BL 
equal to CK ; and CD=:DK - CK ; but DK is equal to AL, and CK equal to BL ; 

Therefore, CD = AL - BL, 

But AB = AL + BL. 

Therefore, AB + CD = 2AL 
Consequently | (AB + CD) = AL. 
It follows that . . AL X EF=:|(AB + CD) x EF. 

THEOREM 56. 

152. A straight line, DE, drawn parallel to the side of a triangle ABC, di- 
vides the other sides AB, AC, proportionally, or so that AD : DB : : AE : EC. 

Join BE and DC : the two triangles BDE, CDE, have the "^ 
same base, DE, and they have also the same altitude, because 
BC is parallel to DE ; and, consequently, the triangles DBE 
and DCE are equal. Since the triangles BED and AED have 
the same altitude, they are to one another as their bases ; and since the tri- 
angles CED and AED have the same altitude, they are to one another as their 
bases. 

Therefore, the triangle BDE : ADE : : BD : DA. But since the triangle BDE 
is equal to the triangle CED, therefore the triangle CED : ADE : : BD : DA. 

But the triangle CED : ADE :: CE : EA. 
It follows that, BD : DA : : CE : EA. 
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THEOREM 56. 

153. If the two sides, AB, AC, of a triangle be cut proportionaUy by the 
line DE, so that AD : DB : : AE : EC, the line DE shall be parallel to the re- 
maining side of the triangle. ^ 

For, if DE be not parallel to BC, some other line, DO, will be 
parallel to BC ; then, by the preceding proposition, 

AD:DB::AO:OC. 
And, by hypothesis, AD : DB : : AE : EC. 

Therefore, AO : OC :: AE : EC. 

And, by addition, AC : OC : : AC : EC. 
And hence OC must be equal to EC ; which is impossible, unless the point 
O coincide with E ; therefore no line besides DE can be parallel to BC. 

THEOREM 57. 

154. A line, BD, which bisects any angle, ABC, of a triangle, will divide the 
opposite side AC into two segments, AD, DC, which shall have the same 
ratio as the other two sides, AB, BC, of the triangle. 

From C, one extremity of the base, draw CE, parallel to 
BD, meeting AB produced in E. Then the angle ABD is 
equal to the angle BEC (75), and the angle CBD equal to 
BCE (74) ; but, by hypothesis, the angle ABD is equal to 
CBD ; therefore the angle BEC is equal to BCE : hence the jc — ^ — ^ 
side BC is equal to BE (63). Now, because ACE is a triangle, and BD is 
drawn parallel to one of its^ sides, AD : DC :: AB : BE (152) ; but, since BE is 
equal to BC ; therefore AD : DC : : AB : BC. 




THEOREM 58. 

155. Two equiangular triangles have their sides proportional, and are 
similar to each other. 

7. o 
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Let ABC, DCE, be two triangles, which have their angles 
equal, each to each ; viz. BAG equal to CDE, ABC equal to 
DCE, and ACB equal to DEC ; the homologous sides, or the 
sides adjacent to the equal angles, shall be proportionals ; that 
is, BC : CE :: BA : CD, and BA : CD :: AC : DE. 

Place the homologous sides BC, CE, in a straight line ; and, because the 
angles B and E are together less than two right angles, the lines BA and ED 
shall meet, if produced (76) : let them meet in F. Then, since BCE is a straight 
line, and the angle BCA equal to E, AC is parallel to EF. In like manner, 
because the angle DCE is equal to B, the straight line CD is parallel to BF ; 
therefore ACDF is a parallelogram. 

156. In the triangle BFE, the straight line AC is parallel to FE ; wherefore 
BC : CE : : BA : AF (152). Again, in the same triangle, BFE, CD is parallel 
to BF ; therefore. BC : CE : : FD : DE ; but, by substituting CD for its equal 
AF, in the first set of proportionals, and AC for its equal FD in the second set, 

we have. BC : CE :: BA : CD by the first, 

and BC : CE :: AC : DE by the second, 

therefore, by equality, BA : CD : : AC : DE ; 

therefore the homologous sides are proportionals ; and, because the triangles 

are equiangular, they are similar. 

Scholium. — It may be remarked that the homologous sides are opposite to 

the equal angles. 

THEOREM 59. 

157. Two triangles, which have their homologous sides proportionals, are 
equiangular and similar. 

Suppose that BC : EF : : AB : DE 

and that. . . . AB : DE :: AC : DF 
the triangles ABC^ DEF, have their angles equal : viz. ^^ ^^ 
A equal to D, B equal to E, and C equal to F. At the « 

point E make the angle FEG equal to B, and at the 
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point F make the angle EFG equal to C, then G shall be equal to A (80), and 
the triangles GEF, ABC, shall be equiangular ; therefore, 

by the preceding prop. BC : EF : : AB : EG 

and, by hypothesis, . . BC : EF : : AB : DE ; therefore EG is equal to DE. 

In like manner BC : EF :: AC : FG 

and, by hypothesis, . . BC : EF : : AC : DF ; therefore FG is equal to DF. 

Thus, it appears that, the triangles DEF, GEF, have their three sides equal, 
each to each, therefore they are equal (58). But, by construction, the triangle 
GEF is equiangular to the triangle ABC ; therefore, also, the triangles DEF^ 
ABC, are equiangular and similar. 

THEOREM 60. 

158. Two triangles which have an angle of the one equal to an angle of 
the other, and the sides about them proportionals, are similar. 

Let the angle A equal D, and suppose that 
AB : DE : : AC : DF, the triangle ABC is similar 
to DEF. 

Take AG equal to DE, and draw GH parallel 

to BC, the angle AGH shall be equal to ABC (75), L \^ ^ 

and the triangle AGH equiangular to the triangle ABC; therefore 
AB : AG :: AC : AH ; but AG is equal to DE ; 

therefore AB : DE :: AC : AH, 

but, by hypothesis, AB : DE : : AC : DF ; therefore AH is equal to DF. 
The two triangles AGH, DEF, have therefore an angle of the one equal to an 
angle of the other, and the sides containing these angles equal ; therefore they 
aire equal (53) ; but the triangle AGH is similar to ABC. 

THEOREM 61. 

159. A perpendicular, AD, drawn from the right angle. A, of a right-angled 
triangle, upon the hypothenuse, or longest side, BC, will divide that triangle 
into two others, which will be similar to each other, and to the whole. 
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The triangles BAD and BAG have the common angle 
B ; and^ besides, the right angle BDA is equal to the right 
angle BAG ; therefore, the third angle BAD of the one is 
equal to the third angle G of the other (80) ; therefore the 
two triangles are equiangular and similar. In like manner it may be demon- 
strated that the triangle DAG is equiangular and similar to the triangle BAG ; 
therefore the three triangles are equiangular and similar to one another. 





THEOREM 62. 

160. The square described upon the hypothenuse, or longest side, is equal 
to the squares described upon the other two sides. 

From the right angle G draw GD, perpendicular to the ^ 

hypothenuse AB ; then the triangle ABG is divided into 
two triangles, ADG, GDB, which are similar to one an- 
other, and to the whole triangle ABG (159) ; 

therefore, by the similar triangles, ABG, GBD,. • AB : BG :: BG : BD ; 
again, by the similar triangles, BAG, GAD . . . . AB : AG : : AG : AD ; 
therefore, reducing the first to an equation, . • . AB x BD = BG^ 
and, reducing the second analogy to an equation, AB x AD = AG^ 

then, adding these two equations AB x (AD + BD) = AG* + BG* 

but, since AB is equal to the sum of the two lines AD, DB, therefore 
AB* = AG* + BG*, 

THEOREM 63. 

161. Two triangles, which have an angle of the one equal to an angle of 
the other, are to each other as the rectangle of the sides about the equal 
angles. A 

Suppose* the two triangles joined, so as to have a 
common angle, and let the two triangles be ABG, ADE. 
Draw the straight line BE. 
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Now the triangle ABE : tria. ADE : : AB : AD ; , 
Therefore the triangle ABE : tria. ADE :: AB x AE : AD x AE, 
Or^ alternately^ the triangle ABE : AB x AE : : the triangle ADE : AD x AE. 
In like manner^ the triangle ABE : AB x AE :: the triangle ABC : AB x AC. 
Therefore, by equality, the tria. ABC : tria. ADE : : AB x AC : AD x AE. 

THEOREM 64. 

162. Similar triangles are to one another as the squares of their homologous 
sides. 

Let the angle A be equal to the angle D, and 
the angle B equal to E. 

Then AB : DE • : AC : DF (155) \ \^ ^^ 

and AB : DE :: AB : DE. 
therefore, by multiplying the corresponding 
terms, we have AB* : DE* : : AC x AB : DF x DE. 

But the triangle BAC : triangle EDF : : AC x AB : DF x DE (162). 
Therefore the triangle ABC : triangle DEF : : AB* : DE*. 
Or thus, let a signify a triangle ; then (162) — 

aABC : aDEF :: ABxACrDExDF. 
aABC : aDEF :: ABxBC : DExEF. 
ACxBCiDFxEF:: aABC : aDEF. 
Therefore, by multiplication, A ABC : A DEF :: AB* DE*. 

THEOREM 65. 

163. Similar polygons are composed of the same number of triangles, which 
are similar, and similarly situated. 

In the polygon ABCDE, draw from 
any angle. A, the diagonals AC, AD ; 
and, in the other polygon, FGHIK, draw, 
in like manner, from the angle F, which 
is homologous to A, the diagonals FH, FI. 

Since the polygons are similar, the angle B is equal to its homologous angle 
G ; and, besides, AB : BC :: FG : GH; therefore, the triangles ABC and FGH 

7. P 
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are similar (158), and the angle BCA is equal to GHF ; these equal angles 
being taken from the equal angles BCD, GHI, the remainders ACD, FHI, 
are equal: but, since the triangles ABC and FGH are similar, we have 
AC : FH : : BC : 6H ; and, because of the similitude of the polygons, we 
have BC : GH :: CD : HI; therefore, AC : FH : : CD : HL Now it has been 
shown that the angle ACD is equal to FHI ; therefore the triangles ACD, 
FHI, are similar (158). 

In like manner, it may be demonstrated that, the remaining triangles of the 
two polygons are similar ; therefore the polygons are composed of the same 
number of similar triangles, similarly situated. 

THEOREM 66. 

164. The perimeters of similar polygons are to one another as their homo- 
logous sides. 

AB:FG::BC:GH. 

BC:GH::CD:HL 
Therefore, AB:FG::AB+BC+CD::FG+ ^ ^ ^^T^T / \i 

GH + HI (131) ; wherefore AB is to FG as the ^ i ^ 

perimeter of the polygon ABCD is to the perimeter of the polygon FGHIK. 

THEOREM 67. 

165. The areas of similar polygons are as the squares of their homologo 
sides. 

Let the polygons be ABCDE and FGHIK; 

from any angle. A, draw the diagonals AC, AD ; 

and, from the homologous angle F, draw the 

diagonals FH, FI ; then the triangles ABC, ACD, 

ADE, are respectively equal, and similar to the triangles FGH, FHI, FIK. 
Therefore the triangle ABC : triangle FGH :: AC* : FH' 
And .... the triangle ACD : triangle FHI : : AC : FH*. 
Therefore the triangle ABC : triangle FGH : : ACD : FHI. 
In the same manner it may be demonstrated that the triangle ACD : triangle 

FHI : : ADE : FIK, and so on, if the polygons conmst of more triangles. 
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Hence (131) the triangle ABC is to the triangle FGH as the sum of the triangles 
ABC, ACD, ADE, to the sum of the triangles FGH, FHI, FIK ; but the sum 
of the triangles ABC, ACD, ADE, compose the whole polygon ABCDE, and 
the sum of the triangles FGH, FHI, FIK, compose the polygon FGHIK ; 
wh»efore the triangle ABC is to the triangle FGH as the polygon ABCDE is 
to the polygon FGHIK ; but the triangle ABC is to the triangle FGH as 
AB* is to FG^ ; therefore the similar polygons are as the squares of their 
homologous sides. 

166. Corollary. — If three similar figures have their homologous sides 
equal to the three sides of a right^ngled triangle, the figure made on the side 
opposite to the right angle shall be equal to the other two. 

THEOREM 68. 



i 



167. In any triangle, ABC, the square of AB, opposite to one of the acute 
angles, is equal to the difference between the sum of the squares of the other 
two sides, and twice the rectangle BD x DC, made by the perpendicular AD, 
to the side BC. ^ A 

There are two cases, according as the perpen- 
dicular falls within or without the triangle. In 
the first case, BD = BC— CD ; and, in the second 
case; BD = CD - BC. S iTo 

In either case. BD* = BC + CD»- 2 BC x CD. 

But (160) AB>= AD«+BD« 

and (160) AD* + CD»=AC*. 

Therefore, by addition, .... AB» = AC + BC - 2 B x CD. 




THEOREM 69. 

168. In any ohtuBe-angled triangle, the square of the side opposite to the 
<Atuse angle is equal to the sum of the squares of the other two sides, and 
twice the rectangle, BC x CD, made by the perpendicular, AD, upon the 
side BC. 
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For BD = BC + CD; 

Therefore, BD*=BC* + CD* + 2BC x CD ; 

But, (160) AB»= AD» + BD» 

and (160) . . AD* + CD^ = AC* 
Therefore, by adding these three equations together, 

AB*=AC* + BC* + 2BCxCD. 




THEOREM 70. 

169. If any two chords, in a circle, cut each other, the rectangle of the 
segments of the one is equal to the rectangle of the segments of the other. 
Let AB and CD cut each other in O, then OA x OB = OD x OC. c 

For, join AC and BD : then, in the triangles AOC, BOD, 
the vertical angles at O are equal ; also the angle A = D and 
C = B (92), consequently the triangles AOC and DOB are simi- 
lar, and their homologous sides proportional. 

Whence AO : OC : : DO ; OB 
Wherefore AO x OB = OD x CO. 




THEOREM 71. 

170. If any two chords, in a circle, be produced to meet each other, the 
rectangle of the two distances, from the point of intersection to each ex- 
tremity of the one chord, is equal to the rectangle of the two distances from 
the point of intersection to each extremity of the other chord. 

Let AB and CD be two chords, and let them be produced to 
meetinO; OAxOB = ODxOC. 

For, join AC and BD ; then, in the triangles AOC and DOB 
the angle at O is common, and the angle A = D (92) ; therefore 
the third angle, ACB, of the one triangle, is equal to the third 
angle, DBO, of the other ; consequently the triangles AOC and 
DOB are similar, and their homologous sides proportional. 

Whence AO : OC : : DO : OB 
Wherefore, AO x OB = OD x OC. 
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THEORSil 7^. 

171. In the same circle, or in equal circles, any angles, ACB, DEF, at the 
centres, are to each other as the arcs AB, DF, of the circles intercepted 

« 

between the lines which contain the angles. 

Let us suppose that the arc AB contains 
three of such parts as DF contains four. Let 
Ap,pq, qB, be the equal parts in AB, and Dr, 
rs, &c. the equal parts in DF : draw the lines 
Cj9, Cq, Er, E^, &c. ; the angles ACj9, pCq, qCB, DEr, &c. are all equal; 
therefore, as the arc AB contains |:th part of the arc DF three times, the 
angle ACB will evidently contain ^ of the angle DEF also three times ; and, 
in general, whatever number of times the arc AB contains some part of the 
arc DF, the same number of times will the angle ACB contain a like part of 
the angle DEF. 




THEOREM 73. 

172. In two different circles, similar arcs are as the radii of the circles. 

Let the circles AFG, ^^, be each described from the 
centre C. Draw the radii CA, CF, then the arcs A/ and 
of are similar. Draw CB, indefinitely, near CA, and the 
sectors Cab, CAB, will approach very nearly to isosceles 
triangles, which are similar to each other ; therefore, 
C a : CA :: ab : AB ; let BF be divided into small arcs, each equal to AB, 
and draw the radii from each point of division ; then bf will contain as many 
arcs, each equal to ab, as the arc BF contains arcs equal to AB ; therefore qf 
is the same multiple ojf ab that AF is of AB ; whence Ca : CA :: qf : AF. 




THEOREM 74. 

173. The circumference of circles are to one another as their 
ters. 

8. Q 
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For^ let the circumferences ABCD^ abed, be divided 
into quadrants by the radii OaA, ObB, OcC, OdD, 
then the quadrants AB^ ab, will be similar arc9 ; 



' i\ 



•^ ." 



therefore^ OA :0a:: AB : ab 
wherefore, OA :0a:: 4AB : 4ai. 




PRACTICAL GEOMETRY. 



PROBLEM 1. 

174. To make an angle at a given point, E, (fig. 35^ pi. I,) in a straight 
line, DE, equal to a given angle ABC. 

From the centre B, with any radius, describe an arc gh, cutting BA at g, 
and BC at h ; from the point E, with the same radius, describe an arc, ik, 
cutting ED at i : make ik equal to gh, and through the point k draw EF : 
then the angle DEF will be equal to the given angle ABC. 



PROBLEM 2. 

176. To bisect a given angle ABC {fig. 36, pi. I). 

From BA and BC cut off B^ and Bf, equal to each other ; from the points 
e andy^ as centres, with any radius greater than the distance ef, describe arcs, 
cutting each other at G, and join BG, which will bisect the angle ABC, as 
required. 

PROBLEM 3. 

176. Through a given pointy, {fig. 37.pl. I,) to draw a straight line pa- 
rallel to a given straight line, AB. 

From g draw ge, to cut AB at any angle in the point e : in AB take any 
other pointy*; make the angle B/h equal to /eg, and make//i equal to 
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eg, and through the points g and h draw the line CD ; then CD vrill pass 
through g parallel to AB, as required. 

PROBLEM 4. 

177. At a given distance^ parallel to a given straight line, AB, (^^.38, 
pL I,) to draw a straight line, CD. 

In the given straight line AB, take any two points, e and /; and, from the 
centres e and^^ with the given distance, describe arcs at p and q ; draw the 
line CD, to touch the arcs p and q ; then CD will be parallel to AB, at the 
distance required. 

PROBLEM 5. 

178. To bisect a given straight line, CD, {Jig. 39, pi. I,) by a perpendicular. 
From the points C and D, with any distance greater than the half of CD, 

describe arcs cutting each other in A and B : join AB, and this line will bisect 
AB perpendicularly. 

PROBLEM 6. 

179. From a given point C, {fig. 40, pi. I,) in a given straight line, AB, to 
erect a perpendicular. 

In the straight line, AB, take any two points, e andy, equally distant from 
C : from the points e and^^ with any equal radius, greater than the half of ef, 
describe arcs cutting each other at D, and draw CD, which will be perpen- 
dicular to AB. 

PROBLEM 7. 

180. From a given point, B, (fig. I, pi. II,) at the extremity of a given 
straight line, AB, to draw a perpendicular. 

Take any point, E, above the line AB, and, with the radius BE, describe the 
arc rfBC, cutting AB in c/: draw the straight line c/EC, and join BC, which 
will be the pei-pendicular required. 

PROBLEM 8. 

181. From a given point C, {fig. 2, pi II,) to let fall a perpendicular to a 
given straight line, AB. 



64 THE KfEW PRACTICAIi BUILDKR^ &C. 



From the point C, with any radius greater than the distance of AB, describe 
an arc cutting AB at e and/; from the points e and /, as centres^ with any 
equal radius greater than the half of A, describe arcs cutting each other in D, 
and draw CD, which will be the perpendicular required. 

PROBLEM 9. 

182. To describe the segment of a circle, which shall have a given length or 
chord, AB, {fig. 3,pL II,) and a given breadth, or cersed Wne, CD.* 

By problem 2, bisect the straight line AB, by a perpendicular CE ; from the 
point D, where the perpendicular cuts the chord AB, make DC equal to the 
breadth, or versed sine : join AC ; and, by problem 1, make the angle CAE 
equal to the angle ACE: from E, as a centre, with the radius EA or EC, de- 
scribe the arc ACB, which will be the segment required. 

PROBLEM 10. 

183. Through three given points^ A; B; C, {fig. 4^, pL II,) to describe the 
circumference of a circle. 

Join AB, BC ; and, by problem 2, bisect each of the lines AB and BC by a 
perpendicular, and let the perpendiculars meet each other in I : from the 
centre I, with the distance lA, IB, or IC, describe the circle ABC, which is 
that required. 

PROBLEM 11. 

184. Upon a given straight line, AB, {fig. 5,pL II,) to describe an equi- 
lateral triangle. 

From the centres A and B, with the radius AB, describe ares cutting each 
other at C. Join AC and BC; then ABC will be the equilateral triangle 
required. 

PROBLEM 12. 

185. Upon a given straight line, AB, (^fig. 6, pL II,) to describe a square. 
From the point B, by problem 5, draw BC perpendicular to AB ; make BC 

equal to AB : from the points A and C, as centres, with a radius equal to AB 

* The meaning of sine, versed sine^ &c. is given in Trigonometry, hereafter. 
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or B^ describe arcs cutting each other in D, and join AD and DC ; then, 
ABCD is the square required. 

PROBLEM 13. , 

« 

18tf. Upon a given straight line, AB, [figures 7 and 8, pL II,) ta describe a 
regular polygon of any number of sides. 

Produce the side AB to P, and on AP, from the centre B, describe a semi* 
circle ACP ; divide the semi-circumference ACP into as many equal parts as 
the number of sides intended ; through the second division, from P, draw the 
line BC ; bisect AB and BC by perpendiculars cutting each other in S ; from 
S, with the radius AS, BS, or CS, describe a circle ABCDE, then carry the 
side AB or BC round the remaining part of the arc, which will be found to 
contain the remaining sides of the number required. 

Figure 7 is an example of a pentagon. Figure 8 is an example of a hex- 
agon : but, in this figure, we need not proceed by the general method ; we 
have only to make a radius of the given side AB ; and take the points A and 
B as centres ; and form the arcs AG and BG, and strike a circle with the radius 
GA or GB, which will contain the side AB six times. 

PROBLEM 14. 

187. In a given square, ABCD, {fig. 9, pi. II,) to inscribe a regular octagon, 
so that four alternate sides of the octagou may coincide with four sides of the 
square. 

Draw the diagonals AC and BD, cutting each other in S ; on the sides of 
the square make AL, AF, BE, BH ; CG, CK ; and DI, DM, each equal to 
half the diagonal ; join ME, FG, HI, KL ; then will FGHIKLMEF be the 
octagon required. 

PROBLEM 15. 

188. In a given triangle ABC, {fig. 10, pL II,) to inscribe a circle. 

Bisect any two angles, A and B, by the straight lines AE and BE, and the 
point E^ the intersection of these two lines, will be the centre of the inscribed 
circle : draw ED perpimdicular to AB, cutting AB in D ; frem E, with the 

8. R 
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radius ED, describe the circle DFG, which will be inscribed in the triangle 
ABC, as required. 

PROBLEM 16. 

189. A circle, DEF, (Jig. 1\, pi. 11^) and a line AB, touching it, being 
given, to find the point of contact. 

From the centre C draw the perpendicular CD, cutting AB in D^ which is 
the point of contact required. 

I^OBLEM 17. 

190. Two straight lines, AB, BC, {fig. 12, pi. II,) forming any angle, being 
given, to describe a circle to ioiich' each of these lines at a given point. A, in 
one of tliem. 

Make BC equal to BA, and draw AD perpendicular to AB, and CD perpen- 
dicular to BC ; from the point of ifitersection D^ ivith the radius DA or DC, 
describe the circle ACE, which is that required. 

PROBLEM 18. 

191. In a given circle, ABCD, {fig. 13, pi. II,) to inscribe a square- 
Draw the diameters AC and BD at right angles, and join AB^ BC> CD^ D A^ 

then ABCD will be the square required. 

PROBLEM 19. 

192. To describe a segment, ABC, of a circle, by means of an angle. 

Let AC {fig. 14, pi. II,) be the length or chord, and DB the versed sine. 
Join BA and BC ; produce BA to £, and BC to F, making BE and BF of any 
length, not less than the chord AC. Prepare .two straight edges, BE and BF, 
and fiusten them- together at rtiie angle B, so that their outer edges may form 
the angle ABC ; and, to keep them to the extent, fix another slip,; OH, to each 
straight edge at G and H. Bring the angular point B to A, then move the 
angle thus formed by the straight edges, so that the edge BE may always 
move upon the point A, and the edge BF upon the point C^ then if, during 
the time of moving, a pencil be held to the angular point B, and the point to 
trace over the plane, the segnmit of a circle will be described. 
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ANOTHER METHOD. 

103. Let AC [fig. IS, pi. II,) be the length or chord, and BD the versed 
sine. Join AB, and draw BE parallel to AC, makii^ BE of any length, not 
less than AB. Form a triangular piece of wood, ABE : bring the angular 
point B, of the triangle, to the point A ; and move the triangle, so that the 
side BA may slide upon A, and the side BE upon B : then if, during the 
motion, a pencil be held at the angular point B, with its point tracing over 
the plane, the arc AB will be described by the point of the pencfl. The arc 
AB being described, the arc BC will be described in a similar manner ; and, 
consequently, the whole segment of the circle, as required to be done. 

PROBLEM 20. 

194. Between two straight lines, E and F, {fig. 1, pL III,) to find a mean 
proportional. 

Draw the straight line AB. Make AC equal to E, And CB equal to F. 
Upon AB, as a diameter, describe the senu-circle ADB : from the point C 
draw CD, perpendicular to AB, and CD will be the mean proportional re- 
quired. 

PROBLEM 21. 

195. To find a straight line equal in length, nearly, to the arc of a circle. 
Let ABC, {fig. 2, pL III,) be the given arc. Join AC, which prolong to F. 

Bisect the arc ABC in B, and make AE equal to twice AB. Divide CE into 
three equal parts, and set one of them off from E to F ; then the straight line 
AF is nearly equal in length to the arc ABC. 

PROBLEM 22« 

196. To describe a triangle, of which the three sides shall be equal to three 
given straight lines, provided that any two of them are greater than the third. 

Let D, E, F, {fig. 3, pL III,) be the three given straight lines. Draw AB, 
and make AB equal to the straight line D. From the point A, with the dis- 
tance of the line F, describe an arc ; and from the point B, with the extent of 
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the line CE, describe another arc, cutting the former at C, and join AC and 
BC : then is ABC the triangle required. 

In this manner a triangle may be made equal to another given triangle ; 
for this is only making the sides of the triangle equal to those of the given 
triangle. 

PROBLEM 23. 

197. To describe a trapezium equal and similar to a given trapezium. 

Let it be required to describe a trapezium equal and similar to the given 
trapezium, ABCD (fig. 4s, pi. III). 

Draw the straight line, FG, fig. 5, and make FG equal to BC : upon FG 
describe the triangle FGH, equal to the triangle BCD ; and, upon FH, de- 
scribe the triangle FHE, equal to the triangle BDA, and the whole figure, 
EFGH, will be equal and similar to the figure ABCD. 

PROBLEM 24. 

198. To make a rectangle equal to a given triangle. 

It is required to make a rectangle equal to the given triangle, ABC {fig. 6, 
pi. III). 

Draw CF perpendicular to AB, cutting AB in F. Divide CF into two equal 
parts in the point G. Through G draw DE parallel to AB, and draw AD and 
BE perpendicular to AB ; then the rectangle ABED will be equal to the triangle 
ABC, as required to be done. 

PROBLEM 25. 

199. To make a square equal to a given rectangle. 

Let it be required to make a square equal to the given rectangle, ABCD, 
ifig^ 7, pi. III). 

Produce the side AB of the rectangle to E, and make BE equal to BC. 
Draw BG perpendicular to AE ; and, on AE, as a diameter, describe the semi- 
circle AGE ; and, on the straight line, BG, describe the square BGFH ; which 
is the thing required to be done. 

We now see that a triangle may be reduced to a rectangle, and a rectangle 
may be reduced to a square ; therefore a triangle may be reduced to a square. 
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PROBLEM 26. 

200. To make a square equal to two given squares [J^. %, pL III). 
Draw the straight line, AB, and BC perpendicular to AB. Make AB equal 

to the side of one of the given squares, and BC equal to the side of the other, 
and join AC : then the square described upon AC will be equal to the sum of 
two other squares described upon AB, BC : Thus, on AB describe the square 
AB6F ; on BC describe the square BHIC ; and on AC describe the square 
ACDE ; then will the square ACDE, described upon the hypothenuse, be 
equal to the two squares ABFG, CBHI, described upon the legs. 

PROBLEM 27. 

201. To describe a square equal to any given number of squares (^figures 
9, 10, pi. III). 

Let it be required to make a square equal to the three given squares. A, B, C. 
Make AB, fig. 10, equal to the side of the square A. Prolong BA to F, and 
draw BG perpendicular to FB, and on BG make BC equal to the side of the 
square B, and join AC ; then a square described on AC is equal to the two 
squares A and B. Make BG equal to AC, and FB equal to the side of the 
square C, and join FG, and on FG describe the square FGHI ; then the square 
FGHI is equal to the squares of FB and BG ; but the square of FB is equal 
to the square of C ; and, since AC is equal to the squares of A and B, the 
square of BG will be equal to the squares of A and B ; therefore the square 
FGHI is equal to the three given squares. A, B, C. 

PROBLEM 28. 

To divide a straight line in the same proportion as another is divided. 

202. Method the first. — Let AB, (^fig. 11, pi. Ill,) be a given straight line, 
divided into the parts AF, FD, DB ; it is required to divide another straight 
line in the same proportion. 

Draw AC, making any angle with AB ; and make AC equal to the length of 
the line proposed to be divided. Join BC, and draw the straight lines D£, 
FG, parallel to BC, cutting AC in G and E ; then will the line AC be di- 

9. 8 
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yided in the same proportion as the straight line AB ; as was required to 
be done. 

203. Method the second. — Let BC, (Jig. 1, pi. IV,) be the given line. On 
BC describe the equilateral triangle BCA. Make, on the sides of this tri- 
angle, AD, AE, each equal to the length of the line to be divided, and join 
DE ; then DE will be equal to AD or AE : let the given line BC be divided 
in the points/, g. A, i. Draw A/, kg. Ah, At, cutting DE in the points 
f, g, h, u Then the line DE will be divided by these points in the same pro- 
portion as the given line BC is divided by the points f, g, h, i. 

PROBLEM 29. 

204. To describe an octagon whose opposite sides are at a given distance 
fipom each other (^g^. 2, pi. IV). 

Describe a square, ABCD, of which each side is equal to the distance of the 
opposite sides of the octagon. Draw the diagonals AC and BD, cutting each 
other in P. trom each of the points, ABCD, with a radius equal to AP, BP, 
CP, or DP, one half of the diagonal, describe the arcs LPF, EPH, GPK, IPM, 
cutting AB, BC, CD, DA, in the points E, F, G, H, I, K, L, M, and join FG, 
HI, KL, ME ; then will EFGHIKLM be the octagon required. 

PROBLEM 30. 

To describe an ellipse to any length and breadth. 

206. Method the first [fig. 16, pi. II).— Draw the line AC, and make 
AC equal to the length required ; bisect AC by a perpendicular BD, and 
make EB and ED each equal to half the breadth. 

To find any point, g, in the curve ; with the difference of ED and EA, as a 
radius, from any point f, in EB, describe an arc, cutting EC in A. Draw//i, 
and produce it to g, and make Agf equal to EB or ED ; then g will be a point 
in the curve, as required. 

In the same manner we may find as many points in the curve as we 
please. 

2«d. Method the second {fig. 17, pi 11).— Divide AE and AF each into the 
same number of equd parts, as here into ^ve. Through the points of section 
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1, 2, 3, &c. draw the lines Bh, Bi, Bk, &c. ; and through the points of section, 
1, 2, 3, &c. in AF, draw the lines ID, 2D, 3D, &c., cutting the former lines 
drawn from B, in the points k, t, k, &c. ; then through the points A, h, i, k, &c. 
draw a curve, and we shall have the fourth part, or quarter, of the whole curve. 
In the same manner the other quarter DC may be found. 

And, by taking the point D, instead of B, and by describing the rectangle 
upon AC, so that the opposite side may pass through B, and dividing and 
drawing lines in the same manner, we shall have the whole curve. 

207. Method the third, with a string {Jig. 5, pi. IV). — Having placed the 
axes at right angles, and bisecting each other, from one extremity, C, of the 
conjugate or shorter axis, with AE or BE, half of the transverse, or longer 
axis, describe arcs, cutting AB at F, /; then F, /, are the two focal points. 
Round the points F, y, stretch a string, and fasten the ends of it ; carry the 
point forward, as to H, keeping the string always tense, and the point H, &c. 
will describe the curve as required. 

PROBLEM 31. 

208. To represent an ellipse by means of the arcs of circles (^g. 6, pi. IV). 

Let AB be the length, and CD the breadth, as before. Draw BE perpen- 
dicular to CD. Make BF equal to EC. Bisect BF in /, and /C and ED, 
cutting each other in g*. Bisect g'C, by a perpendicular, cutting CD pro- 
duced in «. Make E k equal to E i, and join F i, cutting AB in I. Make Em 
equal to El. Through m draw kp, and iq; and, through I, draw kr, ih. 
From I, with the radius ?C, describe an arc, qh; and, from h, with the same 
radius, describe an arc pr. From m, with the radius mp, describe an axcpAq ; 
and, from I, with the same radius, describe an arc rBh\ then will the com- 
pound figure. Ay, C/^, Br, Dj>y represent the ellipse required. 

This method is used only for describing an arc on paper : it may also be 
used for drawing the lines, perpendicular to a real elliptic arch, for the joints 
of the stones. The first method of describing the curve may be used occa- 
sionally, from want of a proper instrument ; but, of all the methods, none is so 
accurate, •in practice, as the tranmiel, which is next described. 
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PROBLEM 32. 

209. To describe an ellipse with a trammel {fig* ^, pi* IV). 

Draw the straight line AB, and make AB equal to the length of the given 
ellipse. Bisect AB in E, by the perpendicular CD. Make ED and EC each 
equal to half the lesser axis. Let the trammel-rod be fgh. Suppose the nut 
y to be fixed, and the nuts g and h to be moveable. Move the nut g so that 
the distance fg may be equal to EC or ED ; and move the nut h, so that the 
distance fh may be equal to E A or EB : then set g and h in the grooves of the 
trammel, and, by moving the end of the rod f, so that the pin g, may slide 
along the line AB, and the pin h along the line CD ; the point or pencil will 
trace out the curve of the ellipse as required. 

PROBLEM 33. 

210. A rectangle being given, to describe an ellipse, so that the two axes 
may have the same proportion as the sides of the rectangle {fig. 3, pi. IV). 

Let ABCD be the given rectangle ; it is required to describe an ellipse 
that shall pass through the points A, B, C, D, and of which the axes shall have 
a ratio equal to the sides AB, BC, or to CD, DA, of the rectangle. 

Draw the diagonals AC, BD, cutting each other in I ; and, through the 
point I, draw EG, parallel to AB or DC, cutting one of the sides BC in P ; and 
HF, parallel to AD or BC, cutting one of the sides AB in K. From I, with 
the radius IK, describe an arc, KL, cutting IG in L. Bisect the arc KL in M, 
and draw «iN, parallel to EG, cutting the diagonal DB in N. Join NP and 
NK, and draw BF, cutting HF in F, and draw BG, cutting EG in G. Make IE 
equal to IG, IH equal to IF ; then EG and FH are the two axes of the ellipse, 
which will be described as in the following problem. 

PROBLEM 34. 

211. To describe an hyperbola, or a figure that may have any curvature at 
the summit, that we please {fig. 18, pi. II). 

Let AC be the base, or what is called a double ordinate : make ED equal to 
the height, in the middle of AC ; then> upon AC, as a side, describe a rectangle. 
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AFGC, so that the opposite side may pass through D ; produce ED to the 
point B ; take the point B, farther or nearer from D^ according as the curva- 
ture at D is required to be flatter or quicker ; and obsei^ that, the quicker 
the cur\'e is at D the flatter it wiD be towards A and C. The point B being 
thus fixed, divide AE into any number of parts, as here ipto four ; also, divide 
AF into the same number of parts, viz. four ; through 1, 2, 3, &c., the points 
of section in AE, draw lines to B ; and through the points of section, 1, 2, 3, &c. 
in AF, draw lines to D, cutting the former lines drawn to B, in the points h, i, 
k^ &c. ; and, through the points A, A, t, Ar, &c., draw a curve, which will be the 
half of an hyperbola, or an hyperbolic curve. 

PROBLEM 35. 

212. To describe 2l parabola upon a given ordinate, AE, and a given abscissa, 
ED* (/^. 19, j9/. II). 

Make EC equal to EA, and complete the rectangle AFGC ; so that the op- 
posite side may pass through D. Proceed as in the two former problems, 33 
and 34 ; excepting that, instead of drawing the lines to B, through the points 
1, 2, 3, &c., in AE, to draw them parallel to ED. 

PROBLEM 36. 

213. To describe the figure of the Sines f {fig. 20, pi. II). 

Describe the quadrant FHG, equal to the height of the figure, and divide 
the arc HG into any number of equal parts ; the more of these the more per- 
fect the operation will be ; and extend the chords to double the number of 
parts upon the line AC, which is a continuation of FH, and mark the points of 
division. Draw the lines Ik, 21, Sm, &c. perpendicular to AC ; and, from the 
points 1, 2, 3, &c. of division in the quadrant, draw lines Ik, 21, 3m, &c. parallel 
to AC, and through the points A, k, I, m, &c., draw a curve, which will be the 
figure of the sines, as required. 

* The. Parabola is a figure arising from the section of a cone, when cut by a plane parallel to one 
of its sides. This, with other terms in Conies, is fully described, under Conic Sections, hereailer. 

t The Sine, or right sine, of an arch, is a right line drawn from one end of that arch, perpendicular 
to a radius, drawn to the other end of the same. — See Tuoonohstbt, hereafter. 

9. T 
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DEFINITIONS OF SOLIDS. 

214. A Right Cylinder is that which is formed by the revolution of a 
rectangle about one of its sides ; the line round which the rectangle revolves 
is called the axis (plural axes) ; and the circles generated by the two opposite 
sides of the rectangle^ perpendicular to the axes^ are termed the ends or bases. 
The surface of the cylinder, generated by the line parallel to the axis, is 
termed the curved surface, which is either straight or convex, according as a 
straight edge is applied, parallel to the axis, or in any other direction. 

215. A Right Cone is that which is formed by supposing a right-angled 
triangle to revolve about one of its legs or perpendicular sides ; the fixed leg, 
or line, is called the fixis ; the surface generated by the other leg is called the 
base : and the sur&ce formed by the hypothenuse, or side opposite the right 
angle, is denominated the curved surface, which is either straight or convex, 
according as a straight edge is applied upon the surface from the vertex, or in 
any other direction. 

216. A Sphere or Globe is that which is formed by supposing a semi-circle 
to revolve upon its diameter ; the diameter upon which the semi-circle re- 
volves is called the €ixis, and the surface formed by the arc of the semi-circle 
is called the curved surface, which is convex, in whatever way it may be tried 
by a straight edge. 

217. An Ellipsoid is formed or generated by supposing a semi-ellipse to 
revolve upon one its axes ; the axis thus fixed is called the axis qf the ellipsoid. 
Mid the surface generated by the curve is termed the curved surface. 

I 
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PROBLEM 37. 

I 

218. To describe a conic section^ from the cone^ through a line given in 
position^ in the section passing through the axis. 

Let ABC, {figures 1, 2, 3, pi. VI,) be the section of a right cone, and let 
DE be the line of section. Through the apex or top of the cone, C, draw CF, 
parallel to the base AB of the section, and produce ED to meet AB in D, as in 

figures 2 and 3, or AB produced in G, as in fig. 1, as also to meet CF in F. 
On AB describe a semi-circle, which will be equal to half the base of the 
cone. In the semi-circle take any number of points, a, b, c, &c. Draw Dd, in 

figures 2 and 3, and Gd in fig. 1, perpendicular to AB and Gd', in fig. 1, per- 
. pendicular to GF ; as, also, Dd', figures 2 and 3, perpendicular to DF. From 
the points a, b, c, &c. draw lines, ae, bf, eg, &c., cutting Gd {figure 1) and Dd 
{figures 2 and 3) in the points e, fi, g, &c. In figure 1, make in Ge\ Gf\ Gg\ 
&c. equal to Ge, Gf, Gg, &c. ; and in Dd\ {figures 2 and 3,) make De', Tif\ 
Hg', &c. equal to He, Vf, Bg, &c. Through the points e\ f, g', &c. draw 
lines to F. Through the points a, b, c. Sec. draw lines perpendicular to AB. 
From the points of section, in AB, draw lines to the vertex C of the cone, 
cutting ,the sectional line, DE, in /, m, n, &c. Through the points of sec- 
tion, /, m, n, &c., draw Ih, mi, nk, &c. perpendicular to DE. Through the 
points D, h, i, h, &c. in fig. 1, or d', h, i, It, &c. figures 2 and 3, draw a 
curve, which will be the conic section required. 



OBSERVATIONS. 

219. In the first of these figures, the line of section cuts both sides of the sec- 
tion of the cone ; in this case, the curve Dhik and ^E is an Ellipse. In fig. 2, 
the line of section DE is parallel to the side AC of the section of the cone ; in 
this case, the curve d^hi, &c. E, is a Parabola. In fig. 3, the line of section, 
DE, is not parallel to any side of the cone ; it must, therefore, when produced 
with the sides of the section through the axis, meet each of these two sidea in 
different points : in this case, the section d\ h, i, &c., E, is either an Ellipse or 
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Hyperbola; but the case is determined to be an hyperbola by the line of sec- 
tion meeting the opposite side BC at AC^ where it cuts above the vertex 
at the point B^ 

Here we may observe^ that the line of section^ DE, is the same as that which 
has before been called the abscissa, the part EB produced^ contained between 
the two sides of the section^ is called the axis major ; and the line T^d, perpen- 
dicular to DE^ an ordinate. 

Hence the same section may be found by the method already shown in the 
problem ; viz. by drawing any straight line, deb, fig. 4 : make de equal to DE, 
fig. 3, and eb equal to EB, fig. 3. Through d draw the straight line DD 
at right angles to dV i make dH equal to Tid\ fig. 3; then, with the 
axis major, Ve, the abscissa ed, and the ordinate dH, on each side of the 
abscissa describe the curve of the hyperbola, which will be of the same species 
as that shown in fig. 3. 

PROBLEM 38. 

220. To describe a cylindric section, through a line given in position, upon 
the section passing through its axis {fig. 4, pi. VI). 

This is no more than a particular case of the last problem. For a cylinder 
may be considered as a cone, having its apex at an infinite distance from its 
base ; or, practically, at a vast distance from its base. In this case all the 
lines, for a short distance, would differ insensibly from parallel lines ; and this 
is the construction shown at fig. 5, which is therefore evident. But as the 
section of a cylinder so frequently occurs, I shall here give a more practical 
description of it. Thus — 

Let ABHI be a section of a right cylinder, passing through its axis, AB 
being the side which passes through the base, and let DE be the line of sec- 
tion. On AB describe. a semi-circle; and, in the arc, take any number of 
points, a, b, c, &c. from which draw lines perpendicular to the diameter, AB, 
cutting it in Q, R, S, &c : perpendicular to AB, or parallel to AI or BH, draw 
the lines Qy, Rr, S*, &c. cutting the line of sSection, DE, in the points, q, r, s, 
8lc. : from the! points of section, q, r, s, &c. draw the lines qi, rk, si, &c. per- 
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ptildin]tr*t»aie line Jof 4eddoii> DE. Make the ordiiuiles ^, rk, H, &c« ettoh 
respectively equal to the ordinates Qa, Kb, Sc, &c«i:afcid; ihrDtigh Jke.pdnts 
Dii, Kh &C. to £^ draw a cnnre, which Will evidehtiy be the auction of the 
cy]]ii|ter> as xequiced^ 

; Th^samemaif hed0neimtUspmmtr^'9iz>f—'BiB^t iltt.iiiie of section BE: 
in tlle>point t Braw im {kerpiemdicfiiar to BE. Mahe tm equal ito. the iradiua 
of fhe.cirplelirhiich fonns the end of the ojlinder; then^iwiiih thoiUM suy^,. 
INS, tn|l liid sfflu-aaos , ioidnotf , im^Aeserifoe a s^mi-reDipse, which will he the 
aactictn of the eylinder requited. 

A DEFINITION. 

221. A CuNEOiD is a solid ending in a straight line/ in which, if any point 
be taken, a perpendicular from that point may be made to coincide with the 
sur&ce : the end of the cuneoid may be of any form whatever. 

The cuneoid, which occurs io architecture^ has a semi-circular or a semi- 
elliptical end, parallel to the straight line to which the perpendicular is 
appliecL 

PROBLEM 39. 

222. To find the section of a cuneoid, with a semi-circular base, the given 
data being a section through the axis, perpendicular to the vertex, or sharp 
end, and the line of section upon that end. 

Let ABC, {fig. 6, pL VI,) be the section through the axis, perpendicular to 
the sharp edge, and let DE be the line of section. 

This construction is similar to that of finding the section of a cylinder, ex- 
cepting that, instead of drawing parallel lines from the base, AB, they are, in 
this figure, drawn from the points of section in AB to the point C, which is the 
vertex of the cuneoid : the ordinates, Qa, Ri, Sc, &c., being transferred, re- 
spectivdy, to qi, rk, si, &c. ; and the curve D, t , k, I, &c. to E, being drawn 
through the points, D^ i, i, I, &c., by hand. 

PROBLEM' 40. 

223. Given the position of the seats of three points, in the circumference 
of the base of a cylinder, and the lengths of the perpendienlars intercepted 

10. u 
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between the points and their seats^ to find the section of the cylinder passii^ 
through these three points. 

Through the three points. A, B, C, (J^. 7, pi VI,) describe the circum- 
ference of a circle. Join the two remote points, A and B, and draw AD, CF, 
and BE, perpendicular to AB. Make AD equal to the height upon A, BE 
equal to the height upon B, and CF equal to the height upon C. Produce 
BA and ED to meet each other in H: draw CG parallel to BH, and FG 
parallel to EH. Join GH. ^ In GH take any point, G, and draw GK perpen- 
dicular to CG, cutting BH in K : from the point K draw KI, perpendicular to 
EH, cutting EH in L. From H, with the radius HG, describe an arc, cutting 
KI at I. Join HI. In the circumference, ACB, take any number of points 
o, b, c, &c., at pleasure, and draw ae, ^ eg, &c., parallel to GH, cutting AB at 
^9/9 g9 &c. Through the points e,f, g, &c., draw lines ei,/k, gl, &c., parallel 
to GK, or AD, or BE, cutting DE at i, k, I, &c. ; from the points of section, 
i,k, /, &c., draw the lines in, ko, Jp, &c., parallel to HI. Transfer the ordinates, 
^^f fb, gc, &c., to in, ko, Ip, &c. ; then, through the points D, n, o, p, &c. draw 
the curve Dn€fp,iic. to E, and it will be the section cut by the plane, as 
required. 

PROBLEM 41. 

224. Given the great circle of a sphere, and the line of position of a section 
at right angles to that great circle, to find the form of the section. 

Let ABC, {fig. 8, pi. VI,) be the great circle, and AB the line of section. 
On AB, as a diameter, describe a semi-circle, which will be the section re- 
quired : since all the sections of a spherd, or globe, are circles. 

PROBLEM 42. 

225. Given the section of an ellipsoid, passing through the fixed axis, and 
the line of position of another section, at right angles to the first. section, to 
find the form of the section through that line. 

Let ABCD, {fig. 9, pi. VI,) be the section through the fixed axis, and EF 
the line of position. Through the centre of the ellipsoid draw AC parallel to 
EF. Bisect EF in H, and draw HG perpendicular to EF. Find HG a fourth 
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proportional to AC^ DB; HE. Then^ with the axis major, EF, and the 
semi-axis minor, HG, describe a semi-ellipse, and it will bie the section of the 
ellipsoid required. 

If AC be the axis major, BD will be the axis minor. In this case, join DC, 
and draw EG parallel to DC ; then HG will be the height found geometrically. 

PROBLEM 43. 

226. To find the section of a cylindric ring, perpendicular to the plane pass- 
ing through the axis of the ring, the line of section being given. 

Let ABED, (Jig. 10, pi. VI,) be the section of the ring, passing through its 
axis, and let AB be a straight line, passing or tending to the centre of the two 
concentric circles, AD and BE ; also, let DE be the line of section. On AB 
describe a semi-circle, and take a, b,c, &e., any number of 2)oints in its cir- 
cumference ; draw the ordinates, ae, ^, eg, &c. Through the points, e, f, g, 
&c., in the diameter AB, draw the concentric circles, ei, fh, gl, &c., cutting the 
sectional line DE in the points i, it, /, &c. Through the points, i, it, /, &c., 
draw in, ho, Ip, &c., perpendicular to DE ; transfer the ordinates ea,fh, gc, &c., 
of the semi-circle, to in, Jco, Ip, &c. : and, through the points D, n, o,p, &c. 
draw the curve, Diu^p j^E, which is the section required. 



PLANE TRIGONOMETRY. 



DEFINITIONS OF TERMS IN TRIGONOMETRY.* 

227. The Complemsnt of an Arc is the difference between 
that arc and a quadrant or quarter of a circle. 

Thus, the arc BC, which is the difference between AC and AB, 
is the complement of AB ; and AB is, in like manner, the com- 
plement of BC. 

* Trigonometry is that branch of Geometry which treats exclusively on the propertiesi relationei 
and measurement, of triangles. 
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' ^8r;.,71ie§vppcEH£irr pv Uf AsiC is the renttindet Ite- 
^^fc^^t arc wd a B^-ciroie. 

Thus, the arc given being AB, its supplemait is BC. 

229. The Sine of an Abc is a straight line« drawn from one 
extremity of tiie arc, upon and perpendicular to a radius or 
diameter. 

Thus, BM is the sine of the arc AB ; and here it is evi- 
dent that an arc and its supplement have the same sine. 

, 90^ :Tbe C<HHNK or an Auc is the sine of the complement of S 
t^t :arc. . Hence, BO w IM ia tiia co-sine of the arc AB ; and, 
ther^oro, th$ woe ot the eom^ment BC 
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,231. The Tangent of an Abc is a straight line^ drawn from 
one extremity of the arc, where it touches it, to meet the pro- 
longation of the radius through the other extremity. 

The line AK, touching the arc at A, and extended to meet the 
radius IB produced, is the tangent of the arc AB. 

232. The Co-tangbnt of an Abo is the tangent of c 
the complement of that arc. 

Thus, CL is the eortavigeqtiof the arc AB* or Hut tan- 
gent of the arc BC. 

In the annexed diagram let AB, AC, AP, AB, 
AF, AG, AH, to A, be the several portions of the 
circumference, by ftupposipg the point B to re- 
volve round the circumference from A to B, C, D, 
E, F, G, H, the sine qS any arc, in the first qua- 
drant, ii^crease^ from A to C, where It is the 
greatest possible, and then decreases to E, where 
it becomes zero ; the sine will, therefore, be positive for the first semi-drcum- 
ference, and in the other half it will l)e negative. 
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The cosine will be pMitive in the first quarter^ negative in the second and 
third, and again positive in the fourth. 

The tangent will be positive in the first quarter, negative in the second, 
positive in' the third, and negative in the fourth. 

TRIGONOMETRY. — THEOREM 1. 

233. If a perpendicular be drawn from an angle of a triangle, to the oppo- 
site side, which is the base ; then, as the base is to the sum of the two sides, 
so is the difference of the sides to the difference of the segments of the base. 

For, {theorem 62, page 56) AC*- 00*= AD* 

and, again, {theorem 62) BC»- CDSbBD*. 

Subtract the second equation from the first, and the ^^ ■ ' ' b 

result is , AC*-BC*=»AD*-BD* : 

but, since the difference of the squares of any two quantities is equal to a 
rectangle contained by their sum and difference ; 

therefore (AC+BC)(AC-BC) = (AD+BD)(AD-^BD) 

Whence, {theorem 40, page 41) AD+BD : AC + BC : : AC - BC : AD - BD. 

TRIGONOBfETRT. THEOREM 2. 

234. The sum of the two sides of a triangle is to their difference as the 
tangent of half the sum of the angles at the base is to the tangent of half 
their difference. 

Let ABC be a triangle ; then, of the two sides, 
CA and CB, let CB be the greater. Produce CA 
to E, and make CE = CB, and join BE. Produce 
BC to F ; and, through A, draw FD, perpendicular 
to EB, meeting it in D ; then FBD will be half the l^ 
sum of the angles at the base, and ABD half their difference. Likewise, DP 
is the tangent of the angle FBD, and AD the tangent of the angle ABD : 
moreover BF is the sum of the two sides BC, CA, and AE is their diffference. 

Then, by similar triangles, BFD, EAD, . . . . BF x AD « FD x EA. Where- 
fore BF : AE : : FD : AD ; which is the proposition to be demonstrated. 

10. z 
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CONIC SECTIONS. 



DEFINITIONS OF CONIC SECTIONS. 

235. A Cone is a solid body, terminating in a point, called its vertex, and 
having a circle for its base, connected to the vertex by a curved surface, which 
every where coincides with a straight line passing through its vertex, and 
through any point in the circumference of the base. If a cone be cut by an 
imaginary plane, the figure of the section so formed acquires its name accord- 
ing to the inclination or direction of the cutting plane. 

236. A plane passing through the vertex of a cone, and meeting the 
plane of the base, is called a directing plane, and the line of conmion section is 
called a directing line. 

237. If a cone be cut by a plane parallel to the 
directing plane, the section is denominated a eanic 
section. 

238. If the directing line fall without the base 
of the cone, the section is called an ellipse. 

239. If the directing line touch the circumference of the base, 
the section is called a parabola. 

240. If the directing line fall within the base, the section is 
called an hyperbola. 

241. Equal opposite cones are those which have their 
axes in the same straight line; and, if cut by a plane 
through their common line of axils, the sides of the section 
will be two straight lines cutting each other. 

Hence the two equal and opposite cones join each other 
at their vertices, and have their vertical angles equal. 
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242. If the plane which produces the section of an hyper- 
bola be extended so as to cut the opposite cone^ the two 
sections are denominated opposite hyperbolas. 

243. If the plane of a conic section be cut perpendicu- 
larly by another plane, which passes through the axis of the 
cone, the line of common section, in the plane t)f the figure, 
is called the primary line. 

244. A point where the primary line cuts a conic section is called a 
vertex of that conic section. 

Hence the ellipse has two vertices, opposite hyperbolas have each one, 
and the parabola has one. 

OF THE ELLIPSE. 

245. That portion of the primary line terminated at each extremity by the 
vertices of the curve, is called the axis major, or transverse axis. 

246. A straight line, drawn perpendicularly to the axis major, from any 
point in it, to meet the curve, is called an ordinate. 

247 The middle of the axis major is called the centre of the figure. 

In the figure here annexed, Aa is the axis major, PM 
an ordinate to it, and the point C, in the middle of Aa, 
is the centre of the ellipse, AMa. 

THE ELLIPSE. — THEOREM 1. 

248. The squares of the ordinates of the axis are 
to each other as the rectangles of the segments of 
the axis, from each ordinate to each of the two ver- 
tices of the curve. 

Let VDF be a plane passing through the axis of 
the cone, perpendicular to the cutting plane of the 
section AlMami, and let Aa be their common sec- 
tion, meeting the conic surface in the points A, a ; 
(then Aa will be the axis major,) and let QlRf, 
NMOm, be sections of the cone, parallel to the base. 
Then, because the base DGFE is perpendicular 
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to the plane VDF, the three sections, AlMami, QlBi, TUMOm, are all per- 
pendicular to the plane VDF ; therefore their common sections. If, Mm, ar^ 
perpendicular to the plane YDF^ and to the lines Aa, QR, NO; but, because 
the plane VDF passes through the axis of the cone, it will divide all the 
circles parallel to the base into two equal parts ; therefore QR and NO are 
the diameters of the circles QlRi, NMOm ; and, because the chords If, Mm, 
are perpendiculars to the diameters, QR, NO, they will be bisected ; let H foe 
the point of bisection in If, and P the point of bisection in Mm. . 

Let CA = Ca = a, CP = a?, PM = y, CH = «, HI = r,PN = /, PO = i«,HQ=r, 
and HR=:tp. 

ThenAP = CA+CP=a + ar, aP = Ca^CP =a-a?, 
and AH = CA-CH«=a-x, aH=Ca + CH = a + «. 

1^ u • -1 ^- 1 CAPN,AHQ..r(a+d?):«:/(a-») 
Now, by sunilar triangles, < 

(aPO, aHR ..tc?(tf— x)=fi(a+») 

• •••QIR y^Tsfw 

NMO tu:=zy'. 

Wherefwe, eliminating t, u, r, w, by multiplying the given equations, the 
result will be /(a+«)(a—a?)?=y*(a— «)(«+»), or, by actual multiplication, 
/(a*-a^)=j^(a*-»«). 

249. Corollary 1. — Hence, every chord perpendicular to the axis major 
is bisected by the axis major. 

250. Corollary 2. — Hence the tangents at the extremity of the axis major 
are perpendicular to the axis major. 

DEFIXITIOXS RELATHTE TO THE ELLIPSE, CONTINUED. 

261. A straight line drawn through the centre, perpendicularly to the axis 
major, and terminated by the curve, is called the aucis minor, or conjugate axis. 

252. A third proportional to the axis major and minor, is called the para- 
meter, or the laiui rectum of the axes. 

Thus a and b being the semi-transverse and semi-conjugate axes, 2a : 2b :: 2b :p, 
the parameter ; therefore, ap = 2b\ or H/^ Ip, we shaD have ^= ft*, therefore 



and, by the circle, < 

c • • • • 



*♦. 
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MS. That point in the axis^ cut by an ordinate^ which is equal to half the 
parameter^ is called the Jbcus. 

In the figure here annexed^ Bb, drawn through C, is the 
senu-axis minor; and^ if L/ be a third proportional to Aa» Bh, 
then LI is the parameter^ and the point F^ where it cuts 
Aa^ is the focus. 

254. Any line drawn through the centre, and terminated at each extremity 
by the curvCi is called a diameter. 

255. A diameter, which is parallel to a tangent at one extremity of anothei 
diameter, is called a cor^jugate diameter to that other diameter. 

256. A straight line, parallel to a tangent, at the extremity of any diameter, 
terminated at one extremity by that diameter and the curve at the other, is 
called an ordinate to that diameter. 

257. The portion of a diameter between the centre and an ordinate, is called 
the abscissa of that ordinate, or of that diameter.^ 

In the figure here annexed, the straight line, Aa, 
drawn through the centre, C, is a diameter ; and, if 
ST be a tangent at A, and the diameter Bb be drawn 
parallel to ST, the diameter is called the conjugate 
diameter of Aa ; and PM, puallel to ST or Bb, is an ordinate to the diameter 
Aa ; and the distance CP, on the diameter Aa, is called the abscissa. 




ELLIPSE. THEOREM 2. 

258. The square of the axis major is to that of the axis minor as the 
rectangle contained by the two parts of the axis major, from the ordinate to 
each vertex, to the square of the ordinate. 

From the preceding theorem, y* (c? - a*) =y'(6? — «*) . 

Now let b represent the semi-axis minor, and let the 
ordinate y become b, then will its abseissa, n, become 
zero, and, consequently, /(c^—as^ r:y*(i;?— «*) will be*- 
come V{a^—a?) =6?y* j whence «* : i* : : tf*--a5* : y*. 

II. Y 
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' 259. CoROLLABT 1. — ^Hence every ellipse has two focii at an equal distance 
fVom the centre ; because y'=^(fl?-a?). 

260. CoBOLi^BT 2. — Hence the tangent at either vertex of the curve is 
parallel to the oidinates ; and, consequently, perpendicular to the axis major. 

ELLIPSE. — THEOREM 3. 

261. The square of the axis minor is to that of the axis major as the 
rectangle contained by the two parts of the axis minor, from the ordinate to 
the extremity of the axis minor, to the square of the ordinate. 

For, by theorem 2, {^^=b'^{i^-j^ 

and, by transposition, . ... J* a:" = a* (i^ — y") 
therefore, J» : a» : : ft'-y' : a*. 

262. Corollary 1. — Hence the tangent at each extremity of the axis minor 
is parallel to the ordinates ; and, consequently, parallel to the axis major. 

263. Corollary 2. — Hence the axis nugor and minor are reciprocally con- 
jugate diameters. 

264. Corollary 3. — If a circle be described on either axis of an ellipse, 
an ordinate of the circle will be to the corresponding ordinate of the ellipse as 
the axis of this ordinate is to the other axis. 

Let PM cut tte inscribed circle in N, 
and let PM be produced to cut the cir- 
cumscribing circle in N ; in both cases 
let CP =>x, PM = y, PN = y, CA = a, and 
CB=6. 

By /AtforcM 2, (258,) b\a*-3^ = aY, 

and, by the right-angled triangle CPN, y* = t^—x^. 

Therefore, multiplying these two equations, we have fi'y'sa'y", and ex- 
tracting the root byssay ; wherefore a : 6 : : y : y. 
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265. Corollary 4.— Hence any two corresponding ordinates of the circle 
and ellipse are in the same constant ratio of the two axes. 

ELLIPSE. — THEOREM 4. 

266. The square of the distance of the focus from the centre is equal to the 
difference of the squares of the semi-axes. 

CF^=AC*-BC^ 
Let the ordinate FG^ which passes through the focus^ 
be denoted by /, and CF, the distance of the focus from 
the centre, by f . 

Then, by the equation of co-ordinates. . . .6? y* =&•(«* —a^ 
and, since (252) AC : BC :: BC : FG, • . oy^aj*. 
Now, in the first of these two equations, when the abscissa x becomes e, 
the ordinate y will become yi and, consequently, aj/^ a fi* (a*— «•). Whence 
J* =: 6* (a* - 6*) or fi* =a* — e* ; and, by transposition, «* = a* - i*. 

267. Corollary 1. — Hence, because qfzz l^, therefore af=:a*— A 

268. Corollary 2.— Hence ** = «*- £*= a* - c^a*=a* (1 - c^. 

269. Corollary 3. — Because c^f^V {ff-a?) and that fi*ea* (1 - c*). There- 
fore, by substitution, there will arise y* = (1 — c^ (a* - a:*) zztf — a?* - a^tf + c^a:*. 

270. Corollary 4. — The semi-conjugate axis CB is a mean proportional 
between AF, FB, or between Af,J^B, the distances of either focus from the 
two vertices, for b^zzt^-^ £*= (« +e)(a — e). 



ELLIPSE. — THEOREM 6. 

271. The sum of two lines drawn from the focii, to meet any point in the 

curve, is equal to the transverse axis. ^ b 

Let FM = R, /M =r, FC =fC ^izzca. 
Then will FP = CF + CP = ca+a:, 
and /P = C/-PC=ca-ar. 
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and, by theorem %, car. 3, ^ . . . r y*3ra**-c*a* 4- <?«* — jj*. 

Wherefore, eliminating y, by adding' these equations together, we have 
the equations R* t= a* + 2€?aa: + c*a?. 

Then* e^^trtcting tb^ roots of each side of this equation, we have 
^ = a + cx. In the same manner will be found r =sa— ca;; therefore R +r = So. 

272. Corollary 1. — Hence R = a + -^r, and r = a— -ar, for eszca or c = -. 

273. Corollary 2. — Because R =& a 4- ^^« we shall have aK=-a^ + 6Xi and, 
by transposition^ a(R- a)^€X, hence K — a : x :: e : a. 

274. Corollary 3.-^ince the ratit) of < to #, or • 
that CF to CA is o^nstatit, if we produce aA to R, 
and find the point R by making CP t CA : : CA : CR, 
tad , draw RX perpendicular to alt, and MX parallel 
to aR, and let CKssd; then will R— a : x :: a: d; wherefore Rd—adsxnx, 
or, by tr^nfiqposklonj. Bd^^ad+^mzzaid-i-xy. Therefore d+x :R::d: a; 
wherefore MX is to MF always in the constant ratio of CR to CA ; and hence 
we have another method of constructing the ellipse. 

N.B. Hie line RX £s called the directrix. Several writcnrs make thk^ the 
fundamentid principle from which dl I3ift ether properties emanate. 

275. CbROLLAttY 4. — Hence CR : CA :: oR : aF; because, when the point 
M comes to a, tlie line MX or PR wiS become oR, and the radius vector, FM, 
will become Fa. 

276. Corollary 6. — Hence CA : CF : : aR : aF. 




ELLIPSE. — THEOREM 6. 



277. The tangents from the coxresponding points^ m the curves of a circle 
and ellipse, made by the prolongation of an ordinate af the ellipse, will meet 
the axis major produced in the same point, T. 
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Let ANa be a circle described upon the 
axis major^ and let PN be a tangent to the 
circle in N. Join TM; then, if TM does 
not touch the ellipse, let it cut it in M, I ; and, 
through I, draw the ordinate HO, meeting 
the ellipse in I, the circle in L, and the tan- 
gent in O. 

^ . ., ^. , (TPM,THI TPxHI = PMxTH 

By similar tnangles • • . . i 

^ ^ (TPN,THO PNxTHrsTPxHO 

and, hj theorem 3, cor. 4, .. PN : PM :: HL : HI .% PMxHL=PN xHL 
Therefore, by multiplication, we shall find HL s HO, which is impossible ; 

therefore TM does not cut the ellipse, and it must, in consequence, be a 

tangent at M. 

ELLIPSE. THEOREM 7. 

278. In the straight line, Ta, of the aads major, the semi-axis, CA, is a 
mean proportional between the abscissa, CP, and the distance, CT, from the 
centre to the intersection of the tangent. 

For the triangle CNT (see the preceding diagram) is right-angled at N, 
since PN meets the circle at N ; and, because PN is perpendicular to TC, 
we shall have, 

by the similar triangles PCN, NCT, .... CP x CT = CN* 

and by the circle CN»=:CA*. 

Therefore, by multiplication, CP x CT = CA*. 

If CT=:ff, this conclusion, analytically expressed, is nxzusf ; or, if « be the 
subtangent, then will u=is + x ; and, therefore, {s + x) x=a*, that is, sx + o^ssc?. 

279. Corollary 1. — Whence, if « be any other abscissa, and S its sub- 
tangent, and if « + %=v, then rasso* ; and, since «x=6^, therefore ux = v%. 

280. — Corollary 2.— Wh^n the abscissa becomes equal to the excen- 
tricity, X becomes e ; and, consequently, ffiB=i^ becomes utzzef, or S«Hh«'=^« 
11. z 
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ELLIPSE. — THEOREM 8. 

281. The line bisecting the angle at any point in the curve> formed by one 
of the lines drawn from one of the focii, and the prolongation of the line drawn 
from the other focus, will be a tangent to the curve. 

Let MT bisect the angle /MK ; then, if MT is 
not a tangent, it will cut the ellipse ; let p be the 
point where it meets the curve, and, making MKbMj^ 
joinyK,^, Fp,Kp, and let MT cut K^ in %. 

Then, in the triangles J^Mx, KMx, /M being 
sKM, Ms common, and the included angles fMz,KM», equal; the base 
fz is =: Ks, and the angle ysMsKsM. 

Again, in the triangles Jpz, Kpz, fz being = Kx, pz common, and the 
angles ^jp, Ksp, equal, the base^ is =Kp. Therefore Fp+jpK=Fp-*^= 
FM+M/=FM+MK=FK ; wherefore the sum of the two sides, Fp,pK, of 
the triangle FpK, is equal to the third FK; which is impossible; therefore 
as MT cannot cut the ellipse : it must be a tangent. 

282. Corollary. — Hence, because' the angle KIV^ 
is bisected, the angle FA^ will also be bisected by 
the normal MN. For since the angle TI^ is a TMK, 
and TMK equal to the opposite angle FML ; there- 
fore TIV^ is = FML : and, because the angles TMN 
and LMN are each a right angle ; therefore, taking away the angles TMy; 
LMF, which are equal, from the right angles TMN, LMN, there will remain 
the angle NMJ/' equal to the angle NMF. 

ellipse. — THEOREM 9. 

283. If there be any tangent meeting the four perpendiculars to the 
transverse axis, the one at the extremity of the transverse, next to the point 
of intersection, will be to that which terminates in the point of contact, as that 
which passes through the centre is to the remaining one at the other ex- 
tremity of the transverse. 
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AL:PM::ClJ:aO 

Let AL»it, VM=zl, CN=i», and aO=«. Then, 
if we can show that the distances TA, TP, TC, 
T, are four proportionals, AL, PM, CN, aO, ^ 
being the homologous sides of similar triangles, 
will likewise be proportionals. 

By theorem 7, (278,) *a?+a?s=a*; therefore, by transposition, «r+a?-a*=:o; 
to each side of this equation add ^+*a?, and we have ^+2*j?+a?— ife^+«»; 
that is, because ^ + 2^ar+^isa complete square, and that ^-f «a?=:^(^-fa?) 
(^+a?)*— fl?=^(^+a?), that is, (* + a;+a)(* + a;— a)=:^(*+aj). Whence 

ELLIPSE. — THEOREM 10. 

284. Every parallelogram, UVWX, circumscribing an ellipse, having its 
sides parallel to two conjugate diameters, is equal to the rectangle of the 
two axes. 

If tangents be drawn at the extremities 
of two conjugate diameters, they form an 
ellipse, of which CMUI is a fourth part. 

Draw CK, perpendicular to MT. Let 
C<=r, TM»<, CI=ii, CT=tf, CK=p, PT=*. 




By theorem 7, (278) a»-a^ 

and by theorem 7, cor. 1, (279) ux\ 

„ . ., ^ , (<CI, CTM vt. 

and by sunilar tnamrles s 

^ ^ (ICH,MTP na 



\sx 

nu 
tz 



KaAhj theorem 2, (25%) aVsyCa*-**) 

and by similar triangles, TCK, CIH . . • . j9V=tt*/ 
and by theorem 7, (278,) iAr*aii*. 

For, multiplying the first four equations, a* -ra^=«P; or, by transposition, 
a^'-tfiza^. Multiply this and the three remaining equations and jmrrafr. 
286. Corollary. — Hence i^::za^ + «*, and y=y* + /• 
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ELXJPSE. — ^THEOREM 11. 

286. The sum of the squares of any pair of conjugate diameters is equal to 
the sum of the squares of the two axes. 
Xet CMssiTij CIr:n. See the preceding figure. 

By ^Amt^ 10, eor. (285) c « ^O « • • 

a»d by G^«w/ry, (160) •. j , ^_ 

Therefore, by adding these together, we have u? + J* = m* + »\ 

If.B. AU these theorems concerning the Ellipse, and their demonstrations, are 
in the very same words as the corresponding number qf those Jhr the Hyperbola, 
next foUowing ; haoing sometimes only the foord sum changed for the word 

ELLIPSE. — THEOREM 12. 

' 287. If a chord be bisected, the tai^nt at tiie extremity of the diameter, 
passing through the point of bisection, will be parallel to that chord. 

Through M, m, draw LN^ In, to meet the 
circumference of the circle described on the 
axis DE, in the points, N^n. Produce Mm 
and DE, to meet each other in S, and join s 
Sn, SN, and let the chord Mm be bisected in P. 

Then, because S/ : ^ :: SL : LM 

and Im : In : : LM : LN 

therefore eliminating LM, hn, .... 81 
Therefore Sn and SN are in a straight line. 




In :: SL : LN. 

Through P draw qr, meeting 
DE in q, and Nn in r ; then Nn is bisected in r. Join Cr, and produce it to 
meet the circumferepce in E, and draw the tai^nt RT, meeting DE produced 
in T ; thsa RT is pantUel to NS« Draw R6, perpendicular to DE, meeting 
DEinG, andCAinA. 
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Then, because LN : LM : : igr : qP 

qr : qP :: GR : GA 
therefore .... LN : LM : : GR : GA 
And, therefore, the point A is in the curye of the ellipse. Then drawing 
AT, AT is a tangent by the preceding proposition. 

Now, because CR : Cr :: CT : CS 

and CR : Cr :: CA : CP 

therefore . . . CT : CS : : CA : CP. 
Therefore AT is parallel to Mm. 



ELLIPSE. — THEOREM 13. 

288. The rectangle of the squares of any semi-diameter^ and of an ordinate 
to it^ is equal to the rectangle of the square of the semi-conjugate and the dif- 
ference of the squares of the semi-diameter of the abscissa^ and of the abscissa 

itself. 

CA* X PM* = BC* X (CA*- CF). 
Draw rK parallel to PM, cutting MN in K, and 
draw CG parallel to N», cutting the circumference in 
G, and CB parallel to PM, cutting the ellipse in B, and 
join BG. 

Let CR=r, Cr=tf, rN=r»=r, CA=a, CB=A, CP=a?, PM=rK=y. 
By the equation of the circle t;*=r*— u* 

cBCG,KrN r^y'zzbW 

By similar triangles, i , ^^ ^^ o « • 

^ ^ CACR, PCr ra?=:a*«?. 

Multiply the first and second equations together, and f*^=b*f^-l^t^; oir, 

by transposition, b^i^szr^(b^'-y^. Multiply this and the third equation, and 

b^a^szo^^b^—y^) ; or, by transposition, a*y*=ft'(a*— a:*). 




ELLIP.se. — THEOREM 14. 

289. The semi-ordinate, together with its prolongation to meet a tangent 
at the extremity of a lotus rectum, is equal to the radius vector through the 
same focus with that of the latus rectum. 

12. 2 a 
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By notation 



1' 




FM=PQ. 
Let CTstf, VQ^e, PT=nt, and FT^g^. 

Then Witt l^TsCT-CFsK-ing' 
aiid Pl" = CT + CPt^K + «=«fr. 

and by theorem 7, cor. i, uezza* 

and by theorem 4, ci9r. t, ^rrc? - f* 

and by similar triangles, TPQ, TFG, . • . . qv=:/w. 
Multiply the first and second of these equations by e, and the results are 
ue—^zzeq, and weziut + ex. In each of these tWo equations, for ub substitute 
iti equal tf firbm the sec6ttd,ttnd w6 have tf^^^^iq and wtzzt^ + ix. Multiply 
these two equations, and the remaining two of the given equations, and the 
final result is attsid^ + ex, therefore v^a + ^x. 

But, by theorem 5, we have R=a + jx, therefore R=ar. 



Of THE HYPERBOLA. 



DEFINITIOXB RELATIVE TO THE HYPERBOLA. 

290. That portion of the primary line between the vertices of the two op- 
posite curves, is called tiie ttatuverte axis. 

291. A straight line, drawn perpendicularly to the transverse axis, be- 
tween the transverse axis and the curve, is called an ordinate. 

292. The middle of the transverse axis is called the centre of the figure. 

293. In the annexed diagram, Aa is the transverse axis, 
C, the middle of Aa, the centre ; PM the ordinate, and j p )j^ 
CP the abscissa. 

HTPERBOLA.-^THBORBH 1. 

294. The squares of the ordinates of the axis are to each other as the 
rectabgles of the two segments of the axis, from each ordinate to each of the 
two vertices of the opposite curves. 




k..> 



CQKIC SSCTI0N8. 

Let VRQ, passing through the oominoa line of 
axis of two opposite cones, be a plape p^en^li* 
cular to the cutting plane of the opposite sec- 
tions ; and let AMII^M' be one of the sections^ 
HA the common line of section of the two planes, 
and let HA cut the two conic surfaces in A, X ; 
then AX will be the primary axis ; and let OMNM' 
be a section of the cone parallel to its base, RIQr. 

Because the plane of the base, RIQr, is per- 
pendicular to the plane VRQ, the plane OMNM' 
will also be perpendicular to the plane VRQ; 
and, since each of the two planes AMII'M^ RIQr, 
and AMII'M', OMNM', are perpendicular to the 
plane VRQ, their common sections 11^ MM^ are . 
perpendicular to the plane VRQ ; therefore 1 1', 
MM', are perpendicular to the lines RQ, ON, AH, ' 

in the plane VRQ ; and, because the plane VRQ passes through the axis of the 
cone, it will divide all the circles parallel to the base into two equal parts ; 
therefore RQ, ON, will be diameters of the two circle ; and, since the 
chords ir, MM', are at right angles to the diameters RQ, ON, the chords 
1 1', MM', will be bisected in H and P. Therefore HIsHr, and PM=PM'. 

Let CA = CX = a, CP = CX=x, PM=y, CH=ib, HI = 
HQ = c,andHR = iD. 

ThenAP = CP-CA=x-a, 
XP = CP + CX = x + a, 
AH=CH-CA=«-a, 
andXH=CH+CX = 




PN = ;,.PO=«, 



Now, by similar triangles, 
and, by the eircle, ] * * 



x+a. 
fAPN,AHQ.. {x-a)v= f[z-a) 
\xPO,XHn. .{a + x)w=u(*+a) 

QIRI' r'=vw 

NMOM'.... ft*=y*. 
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Therefore, eliminating t, u, v, w, by multipljring the given equations, 
therewiflresult y*(x— a)(a:+a)=y*(»— a)(t+tf), or, by actual multiplication, 
/(a:*— 6?) = y*(«*— a*) ; therefore / : y* :: («-«)(« + «) : (a?— a)(a? + a). 

295. Corollary 1. — Hence .5^ = j;^ is a constant quantity. 

296. Corollary 2. — Hence if « be made constant, y will be constant also. 
Therefore, when «*— a* becomes 6?, let y=A, and, consequenUy^ "5= ^£5. 

297. Corollary 3. — Hence every chord, perpendicular to the transyerse 
axis, is bisected by the same axis. 

298. Corollary 4. — Hence the tangent at the extremity of the transverse 
axis is bisected by the transverse axis. 

299. Corollary 5.— Hence ay*=6^(a:*~a*)aA*a:^-ii*A*. 

HYPERBOLA. — ^DEFINITIONS, CONTINUBD. 

300. The constant value b of y, when »*— 6^ becomes €f, is called the sem-- 
conjugate aads, or twice b the cotyugate axis. 

301. A third proportional to the transverse and coigugate axes, is called 
the parameter, or latus rectum. 

Thus a and b being the semi-transverse and semi-conjugate axes, 2a : 2b::ib :p, 
the parameter ; therefore, ap = 2b\ or if y = \pi we shall have ^= V, therefore 

302. That point in the axis cut by an ordinate which is equal to half the 
parameter is called the focus. 

303. If there be two opposite hyperbolas, and two others having the same 
centre, and their common line of axis at right angles to that of the two former, 
the transverse equal to the conjugate of the two former, and the conjugate 
equal to the transverse of the two former ; these four hyperbolas are called 
conjugate hyperbolas. 

304. Any straight line, drawn tjirough the centre, and terminated by oppo- 
site curves, is called a diameter. 

A diameter which is parallel to a tangent, at the extremity of another 
diameter, is called a coiyugate diameter to that other diameter. 



■come SECTION!. 

305. A straight line, parallel to a tangent, meet- 
ing the diameter in one extremity, and the curve 
in the other, is called an ordtrutte to that diameter. 

306. The distance between the centre and an or- 
dinate is called the abscista. 

In the diagram here annexed, the straight line Aa, 
drawn through the centre, C, is a diameter ; and, if 
AT is a tangei^t at A, then Bb, parallel to AT, pass- 
ing through the centre C, is the conjugate diameter ; 
PM parallel to AT, is the ordinate to Aa, and CP is 
the abscissa. 

BTPERBOLA. — THEOREM 2. 

307. The square of the transverse axis is to the 
square of the conjugate axis as the rectangle of the 
two distances irom the ordinate to the vertex of 
each curve. 

CA* : CB» :: PAxPa : PM. 



For '^--'^ _ '^ 

Therefore o* : fi' :: (a; -«)(«+ a) : y*. 

308. CoROLLABT 1. — Heucc every pair of oppo- 
site hyperbolas has two focii at an equal distance 
from the centre ; because y*=:.^(a'- a;*): and, since 
the origin of the abscissa conuuences at the centre, 
therefore the ordinate t/ must be the same at the 
same distance on each side of the centre. 





309. C0ROL1.ART 2. — Hence the tangent at the vertex of either curve is 
parallel to the ordinates, and, consequently, perpendicular to the transverse 
axis. 

12. 2 b 
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HYPERBOLA. — THEOREM & 

310. The square of the o<»giigate axis is to the square of the transverse 
axis, as the sum of the squares of the semi-conjugate axis ; and that of the 
ordinate is to the square of the abscissa as CB* : CA* : : CB*+P1VP : CP*. 

For, {theorem 2,) a*y* = ft*^— 0*^; and, therefore, by transposition, 
if{i^+V) ssVa^, consequently, V : nf:: ^+V : a^. (See figure, theorem 2.) 




HYPERBOLA. — THEOREM 4. 

311. The square of the distance of the focus from the centre is equal to the 
sum of the squares of the two axes. c 

CF»=rAC»+BC» 
Let the ordinate F6, which passes through the focus, 
be denoted by /, and CF, the distance of the focus from 
the centre, by e. 

Then, by the equation of the co-ordinates, • • (ff^^h\a? - a*). 

And, since (301) ay»=J\ 

Now, in the first of these equations, when the abscissa x becomes equal to 
f, the ordinate y will becomey*; and, consequently, a*y^ = V^f—af) ; whence, 
y=y (f^-iO or «»=£*-a*, and, by transposition, i'=if+b\ 

312. Corollary 1. — The two semi-axes, and the distance of a focus from 
the centre, are the sides of a right-angled triangle, ACB, and the hypothenuse, 
AB, is equal to the distance of the focus from the centre. 

313. Corollary 2. — The conjugate axis, CB, is a mean proportional 
between AF and Fa, or fa, fk, the distances between either focus and the two 
rertices ; for y = «* — a* =' (« — a) («+a). 

314. Corollary 3.— Hence, if f=<?a, then will y*=:a*-a?+c*a:*-c*€i?; for, 
{theorem 2,) a*y*=ft'(a^— ^. But, by this theorem, we have Vn^-t^; 
then, multiplying these two equations, we have a*y*=(a' -(/^[a^—d); or, sub- 
stituting ca for i, we shall have y* = (c* — 1) (o;^ — a^ s»a* - s(^+ c^a^- (?(^. 
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HTPBRBMiA. — THEORBM 5. 

315. The difierence of two lines^ drawn from the focii to meet any point in 
the curve^ is equal to the transverse axis. 

Let FM=: R, /M =r, FC =/C - f =<?a. 
Then will FP=:CP+CF=fl:+c«, 
and /P = CP - Cf^x^ca. 

By Geometry, {prop. 62,) • . FM*=PM»+FF, R*=y*+a:*+2aca?+c»a*. 

And, by theorem 4, cor^ 3, (314) y*—^?— a?*+c*«*— c'a*, 

wherefore, eliminating y, by adding these equations together, we have the 

equation • R'=c'a:'+2ac;r+a'. 

then, extracting the roots of each side of this equation, we have R=c;r4-a 
=ja?+a. In like manner will be found r=ca;— a=jir— a ; therefore R— rss2a. 

HTPBRBOLA. — THEOREM 6. 

316. The line bisecting the angle, at any point in the curve formed by the 
two lines drawn from that point to each focus, is a tangent. 

The tangent MT at M will bisect the angle FM/I 

In MF take MK = Mf, and in MT take any point 
L ; joinyL, and let it meet the curve in Q ; join also 
KL, FL, FQ. Then, by hypothesis, the angle 
KML^yML, KM=/M, and LM is common, the 
base LK is =ljf\ but the difference of any two 
sides of a triangle is less than the third ;* therefore FL—LK, or FL -I^ is 
less than FK, or F/, or FM -/M, or FQ -/Q. Hence/L is greater than/Q ; 
for, since FL -/L is less than FQ— /Q, if /L were less than /Q, FL + LQ 

* It 18 shown by every writer of Elementary Geometry, that the awn of every two sides of a triao^ 
are greater than the third. Let a, 6, c, be the three sides of a triangle ; then, a -f- 6t— c, a '\'Cr-b^ 
h'^-cr-ai therefore, by transposition, ar-c— 6, ar— 6— c, 6r— c— a, 6»— a— c, c«6— a, cr-d.-i, 

N.B. r- signifies greaUr than. 
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would be less than FQ ; which is impossible. Therefore every pointy L, in 
MT^ except M^ is without the curve of the hyperbola ; and MT touches it 
atM. 

HYPERBOLA. — THEOREM 7. 

317. In the line of the axis major^ the rectangle contained by the distance 
between the centre and the intersection of the tangent^ and the distance be- 
tween the centre and the ordinate^ is equal to the 
square of the semi-axis major. • 

LetCT = tf. 
Then wffl FT=CF+CT = £+«. 
and /T=C/-CT=f-tf. 

( Kzz'X + a 

By theorem 5, (315,) J 

l-x—a^r 

and by Geometry, (theorem 67,) .... r (5 + w) = R(£— «). 

Multiplying these three equations together, we have ux^cf. 

HYPERBOLA. — ^THEOREM 8. 

318. The semi-transverse axis is a mean proportional between the two 
distances in the line of the transverse axis ; the one from the centre to the 
ordinate, and the other from the centre to the intersection of the tangent. 

» 

For, by the preceding proposition^ ux^^c^, therefore x i a :: a i u. (See 
figure, theorem 7.) 

Or, if the subtangent PT=:*, then wffl CT = CP-PT=.r-*. Whence 
(xs)xt=sii^ or a^sx=:€^; expressed as in the same proposition of the ellipse. 

HYPERBOLA.— THEOREM 0. 

319. If there be any tangent, and four perpendiculars to the line of axis, 
contained between the tangent and the line of axis, the rectangle under two, 
which passes through the vertices, wffl be equal to the rectangle of the third, * 
which passes through the centre, and the fourth which is the ordinate. 
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: oQxAIs=GHxPM 
orffG:PM:rOH,:AI. 
PT bemg s:x. See-tiie pteceding theorem. 
Thens, ; . . . . *P sCP -CA= & f-a 

* 

- f»aG!T=?QP-PT=a:-* 

i AT=CA4€P-PT«a+a?-* 

oT=PT^aPw i -ar+a. 

Now, by theorem 8, a*aiar(a?— «)=a?— *«. Therefore, by transposition, 

£^+«x — a:*sO ; add sx—a?Ui each side of this equation, and ef — a?^2sx — «* = 

*»-«*, or a* — (4^ - 2*x+**) = «(x — *) ; and, since the difference of two squares 

is^ual to the rectangle T>f^ tSib siini and diJGference of their roots, {a+x-s) 

Whence . . i AT x aTi= PT k CT 

. ,,.':/ . , (TCH,TAI.. CTxAI=CHxAT 
And, bysunilartnangles, ^^ ^ ^^,, ^ „„ ™ «,, 
•^ ( TaG, TPM. . oG x TP= «T x PM. 

Therefore, eliminating AT, aT, PT, CT, by multiplying these equations and 

aGxAI=CHxPM. 

HYPERBOLA. — ^PROBLBM, 

320. Given the transverse axis of an hyperbola and an ordinate^ to find the 
conjugate axis and assymtotesy (which are two straight lines, such as, if pro- 
duced indefinitely with the curve, will never meet each other,) and thence to 

describe the curve itself. - 

* * ... 

Let Aa, {Jig. 1, pi. Y,) be the transverse axis^ and let PM be an ordinate. 
Make PI> equal to AP. Then on al> describe the semi-circle aND. Produce 
PM to N. Draw AR perpendicular to CD^ and midce AH equal to CA. Join 
NRy and produce NR and i)A, i^ necessary, to meet each other in Sr ; and 
draw MS, cutting AR in Q. Preclutce QA to T, and make AT equal to AQ. 
Then QT will be the conjugate axis, or AQ, AT, will each be the semi-con- 
jugate axis. Through the points C^T, draw JH; and through the points 
C, Q, draw IK : then JH and IK are the Msymtotes, by which the curve may 
be described. 

13« 2 c 
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Because CPr:^^ and CA=a, AP=FD tax—a, and aP equal to x+a; 
therefore FN is a mean proportional between^ + a anix-^a, or between aP 
and PD ; but^ in the hyperbola^ the transyerse axis is to the conjugate as the 
mean proportion between x+a, and or— a to the ordinate y or PM ; but AR is 
divided in Q^ in the same ratio as PN is in N. Therefore PN : PM : : AR : AQ. 
That is^ as the mean proportional between x+a, and x^-a is to the ordinate 
PM^ so is the semi-transverse axis to the semi-conjugate axis. 



OF THE PARABOLA- 
DEFINITIONS RELATIVE TO THE PARAROLA. 

321. That portion of the primary line which is within the curve^ and which 
is terminated at one extremity by the vertex, is called the axis. 

322. A straight line, drawn perpendicularly to the axis, between it and the 
curve, is called an ordinate. 



PARAROLA. — THEOREM 1. 

323. The squares of the ordinates of the axis 
are to each other as their distances from the 

vertex., 
Let y RQ be a plane, passing through the axis 

of the cone, perpendiculai: to the cutting plane of 

the section AMIFM^; and let AH be their common 

section ; then AH will be the axis. Let QIRI^ be 

a section of the cone parallel to the base : 

Then, because tlie base BJQF is perpendicular 

to the plane VRQ, the two sections AMH^M^ 

OMNM^ are pei|;pendicular to the plane VRQ ; 

therefore their common sections, MM^ IF; are also 

perpendicular to VRQ and to the lines AH^ RQ, 

ON ; but, because the plane VRQ passes through 

the axis of the cone, it will divide every circle pa- 
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rallel to the base into two equal parts ; therefore ON is a diameter of the 
circle OMNM^ ; and> because the chords MM^ 11^, are perpendicular to 
the diameters RQ^ ON^ they will be bisected ; let H be the point of bisection 
in IF, and P the point of Msection in MM^ 
324. Let AP^x, PM=y, AH=i«, HI=r, HQ=r, HRsOPstr, and PN-^. ' 

By similar triangles^ . • APN^ AHQ« . • • • .tTxarfo 

and^ by the circle^ QIR ^zzvw 

and, by the circle, ..NMO ftr=y^. 

By multipljring these equations, the result will be xy^zzftf^. Therefore 
a; : « :: y* : y*. 

326. CoROLLAEY 1. — Honcc C= -*. 

326. CoROLi/ART 2.— Hence, because J =^^ whatever may be the yalues of 
^, «> y* r> therefore f or ^ is a constant quantity : hence, putting ^m ^p ; thare- 
fore y* s* Ijpar. 

PARABOLA. — DEFINITIONS, CONTINUED. 

327. The constant quantity jti is called the parameter or latue rectum. 

328. Corollary. — Hence the parameter is a third proportional to the 
distance of the ordinate from the vertex, and the ordinate itself; for 
2x : 2y :: 2y :p, or joa;=2y', that is, f^=^px. 

THE THREE CURVES OF THE CONIC SECTIONS. — PROBLEM. 

329. The vertical section of a right cone being given, and the position of 
the axis of a conic section, to describe that section. 

Let AVB, (fig. 2, pi. V,) be the section of a cone through its axis^ let ig 
be the line of the axis, and let it cut the section AVB at h, and the opposite 
side BV, produced, at g. On gh describe the semi-k^ircle hqsg. Draw Vjp 
parallel to AB, cutting the axis in p. Bisect hginr, and draw pq, rs, per- 
pendicular to kg. Make pw equal to pY ; then, with the transverse axis, Ag, 
and the ordinate, pw, describe the ellipse hwtg, cutting rs att; then rt is the 
semi-conjugate axis. 

In fig. 3, pi. V, draw the line aA, for the transverse axis, equal to gh, fig. 5 j 
and bisect Aa in C, the centre. Through A draw DE, perpendicular to Aa ; 
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make AD and A^. each equal to rt. Jig. 2. Through C and D draw fU, and 
through C and £ drainr I^. ; ^ti^CjUL JHl and IK »re the a^symtotes. 

Draw any Une^ ^i^ icut^ng ^0 ^^sjvxtctfi IK at A/and the assymtote JH at g. 
Make hi equal to ag, and t will he a point Iq th^^^utte. In the same manner 
we may find as, many inor$ points ji0 we fdease. . 

Let the axis be ,qf, Jig^ % Cutting the sides of the section AY, B V^ at c 
and f. Draw cd^ tf, parallel ;tp AB, cutting AV at ^, imd BY at d. 

In ^^. 4, draw AB equal to ff,^g.2. BisectABinC MakeCF,C/, 
each eqccil to the half of i^ or the half of c^ ; then* with the transversa axis AB^ 
and focii F^ f, describe the ellipse ADBE. 

Again^ in Jig. 2, let the axis be nm, and let nm be parallel to the side AY of 
the vertical sectiQi^ cvttiii^ the base AB at i9i^ and the side BY at n. On AB 
describe tiia 8en4rfiircl@ APB> md draw mO perpendicular to AB. 

In the straight line AA^ fig. 5, take any pointy D^ and make DA^ DA^ each 
equal to mO, Jig. 2. .Draw D(^ pei^endicular to AA^ and make DC equal to 
fnn, fig. 2. Then^ with tiie ^cissa AB^ and* ordinates DA, DA^ describe the 
curve ACA^ which will be the parabola. 



h s-r 
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CHAPTER IL 



CARPENTRY. 

Oarpentrt is the art of appljring timber in the construction of buildings. 

The CUTTING OF THE TiMBE&s^ and adapting them to their variouB situa^ 
tions^ so that one of the sides of every timber may be arranged according to 
some given surface^ as indicated in the designs of the architect, requires pro- 
found skin in geometrical construction. 

For this purpose it is necessary, not only to be expert in the common 
problems, generally given in a course of practical geometry, but to have a 
thorough knowledge of the sections of solids and their caverings. Of these 
subjects, the first has already been explained in the series of Problemti 'given 
in the geometrical part of this Work, and we are now about to treat on the 
other ; that is, the Method of Covering them. 

As no line can be formed on the edge of a single piece of timber, so as to 
arrange with a given surface, nor in the intersection of two sur&ces, (by work- 
men called a groin,) without a complete understanding of both, the reader 
is^ required not to pass them until the operations are perfectly fBuniliar to his 
mind. For the more effectually rivetting the principles upon the mind of 
the student, it is requested that he should motlel them as he proceeds, and 
apply the sections and coverings found on the paper to the real sections and 
surfaces, by bending them around the solid. 

The Surfaces, which timbers are required to form, are those of cylinders, 
cylindroidsy cones, cuneoids, spheres, ellipsoids, &c., either entire, or as ter- 
minated by cylinders, cylindroids, cones, and cuneoids. 
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The FORMATION of Arches^ Groins^ Niches, Angle-brackets, Lunettes, 
Roofs, &c. depend entirely upon their Sections, or upon their Covering, or 
upon both* 

This branch of carpentry, from its being subjected to geometrical rules, 
and described in schemes or diagrams upon a floor, sufficiently large for all 
the parts of the operation, has been called Descriptive Carpentry. 

In order to prepare the reader's mind for this subject, it will be necessary 
to point out the figures of the sections, as taken in certain positions. 

All the Sections of a Cylinder, parallel to its base, are circles. All 
the sections of a cylinder, parallel to its axis, are parallelograms. And, if the 
axis of the cylinder be perpendicular to its base, all these parallelograms wiB 
be rectangles. If a cylinder be entirely cut through the curved surface, and 
if the section is not a circle, it is an ellipse. 

All the Sections of a Cone, parallel to its base, are circles: all the 
sections of a cone, passing through its vertex, are triangles : all the sections 
of a cone, which pass entirely through the curved surface, and which are not 
circles, are ellipses : all the sections of a cone, which are parallel to one of its 
sides, are denominated parabolas ; and all the sections of a cone, which are 
parJEtllel to any line within the solid, passing through the vertex, are deno- 
minated hyperbolas. 

All the Sections of a Sphere or Globe, made plane, are circles. 

The solid formed by a Semi-ellipse, revolving upon one of its axes, is 
termed an ellipsoid. 

All the Sections of an Ellipsoid are similar figures : those sections, 
perpendicular to the fixed axis, are circles ; and those parallel thereto are^si- 
to the generating figure 
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OF THE COVERINGS OF SOLIDS. 

PROBLEM 1. 

To find the covering of the frustum of a right cone. 

Let ABCD (^^. 1, pi. \ll^ be the generating section of the frustum. 
On BC describe the semi-circle BEC^ and produce the sides BA and CD^ of 
the generating section ABCD, to meet each other in F. From the centre F, 
with the radius FA, describe the arc AH ; and^ from the same centre, F, with 
the radius FB, describe the arc BG ; divide the arc, BEC, of the semi-circle, 
into any number of equal parts ; the more, the greater truth wiU result from 
the operation ; repeat the chord of one of these equal arcs upon the arc BG, 
as often as the arc BEC contains equal parts ; then, through G, the extremity 
of the last part, draw GF, cutting the arc AH at H ; then will ABGH be the 
covering required. 

PROBLEM 2. 

To find the covering of the frustum of a right cone, when cut by two con- 
centric cylindric surfaces, perpendicular to the generating section. 

Let ABCD (fig. 2, pi. VII,) be the given section, and AD, BC, the line on 
which the cylindric surface stands. Find the arc BG, as before^ in problem 1, 
and mark the points, 1, 2, 3, &c. of division, both in the arc BG^ and in the 
semi-circumference ; from the points 1, 2, 3, &c. draw lines to F ; also from the 
points 1, 2, 3, &c. in the semi-circumference, draw lines perpendicular to BC ; 
so that each line thus drawn may meet or cut it. From the points of division 
in BC, draw more lines to F, cutting the arc BC in a, h, c, &c. From the 
points a, b, c, &c. draw lines parallel to BC^ to cut the side BA : from the 
centre F, through each point of section in BA, describe an arc, cutting the 
lines drawn from each of the points 1, 2, 3, &c., in BG, at a, A, c, &c. ; then 
will BeG be the curve, which will cover the line BC on the plan, or BC will 
be the seat of the line BeG. 

In the same manner AH, the original of the line AD, will be found ; and, 
consequently, B^GHA will form the covering over the given seat, ABCD, as 
required to be done. 
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PROBLEM 3. 

To find the covering of a right cylinder. 

Let ABCD {fig. 9, pi. VII^) be the seat or generating section. Produce the 
sides DA and CB to H and G^ and on BC describe a semi-cirde, and make 
the straight line B6 equal to the semi-circumference : draw 6H parallel to 
AB, and AH parallel to BG ; then wiQ ABGH be the covering required. 

PROBLEM 4. 

To find the covering of a right cylinder contained between two paraUel 
planes, perpendicular to the generation section {ftg^ 4, pi. VII). 

Through the point B draw IK^ perpendicular to AB, and produce DC 
to K ; on BK describe a semi-circle^ and make BI equal to the length of the 
arc of the semi*circl6, by dividing it into equal parts^ and extending them on 
the line BI. Through the points of section, 1, 2, 3, &c., in the line BI, draw 
lines, la, 26, 3c, &c., parallel to BA, and through the points 1, 2, 3, &c., in 
the arc of the semi-circle, draw the other lines la, 26, 3c, &c., parallel to BA, 
cutting AD in a, b, c, &c. Draw aa, bb, cc, &c., parallel to BK ; then, through 
the points, a, b, c, &c., draw the curve AH, and AH will be the edge of the 
covering over AD. 

In the same manner the other opposite edge BG will be founds and the 
whole covering will therefore be ABGH. 

PROBLEM 5. 

ABCD (fig. 5, pi. VII,) being the seat of the covering of a semi-cylindric 
surface, contained between the sur£Etees of two other concentric cylinders, of 
which the axis is perpendicular to the given seat ; it is required to find the 
covering. ^ 

Through B draw IK, perpendicular to AB ; and produce DC to K. On 
BK describe a semi-circle, and divide its circumference into equal parts, at 
the points 1, 2, 3, &c. ; the more of these the truer will be the operation ; and 
repeat the chord on the straight line BI, as often as the arc contains equal 
parts, and mark the points 1, 2, 3, &c., of division. Through the points 



1^ 2, 3, &c., in the arc of the semi-circle^ draw the lines la, 2b, 3e,&c., parallel 
to BA ; and, through the points 1, 2, 3, &c./ in BI, draw lines la, 2b, 3c, &Co 
parallel to BA« Draw aa, hb, cc, &c., parallel to« KI, and through all the 
points a, h, c, Sic, draw the curve line AH, which is one of the edges of the 
eoirering. 

In the same manner the other edge BG will be found ; and, consequently, 
the whole covering ABGH. 

PROBLEM 6. 

To find the covering of that portion of a semi-cylinder contained between 
two concentric surfaces of two other cylinders, the axis of these cylinders being 
perpendicular to ABCD {fig. 6, pi VII). 

Join BC, and, in this case, BC will be perpendicular to AB. Produce CB 
to G ; and, on BC, describe a semi-circle. Divide the arc of the semi-circle 
into any number of equal parts, and extend the chords upon the straight line 
BG, marking the points of section both in the semi-circle and in the straight 
line BG. Through the points, 1, 2, 3, &c., in the arc of the stemi-circle, draw 
lines la, 2b, 3c, &c., parallel to AB ; and through the points 1, 2, 3, &c., in BG, 
draw the lines W, 2h', 3c\ &c., parallel to AB ; also draw aa', bb', cc', &c.j 
parallel to BG, and, through the points a, h, c, &c, draw a curve, which will 
form one of the edges of the soffet ; the opposite edge is formed in the same 
manner. 



GROINS AND ARCHES. 

Groins are the intersections of the surfeu^es of two arches crossing each 

other. 

construction of groined arches. 

Groined Arches may be either formed of wood, and lathed over for plaster, 
or be constructed of brick or stone. 

When constructed of brick or stone, they require to be supported upon 
wooden frames, boarded over, so as ta form the convex surface, which each 
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Tault is required to have^ in order to sustain the cross ardbes during the time 
of tumii^ them. This construction is called a centre, and is removed when 
the work is finished. The framing con^ista of* equidistant ribs, fixed in pa- 
rallel planes, perpendifiidar to the axis of each body ; so that, when the under 
sides of the boards are laid on the upper edges of the ribs, and fixed, the 
upper sides of the boards w31 form the sur&ce required to build upon. 

In the construction of the centering for groins, on^ portion of the centre 
must be completely formed to the surface of its corresponding vault, without 
ai^y ^regard to the cross-arches, so that the upper sides of the boards will form 
a complete cylindric or x^lindroidic surfitce. The ribs of the cross-vaults 
are then set at the same equal distances as that now described ; and parts of 
HIms are fixed on the top of the boardiiig at the same distances, and boarded 
in, so as to intersect the other, and form the entire surface of the groin 
required. 

Groins constructed of wood, in place of brick or stone, and lathed under the 
ribs, and the lath covered with plaster, are caHedplMter-groins. 

Plaster-Groins are always > constructed with diagonal ribs intersecting 
each other, then other ribs are fixed, perpendicular to each axis, in vertical 
planes, at equal distances, with short portions of ribs upon the diagonal ribs ; 
so that, when lathed over,, the lath may be equally stiff to sustain the 
plaster. 

When the axis and the surface of a semi-cylinder cuts those of another of 
greater diameter, the hollow surface of the lesser cylinder, as terminated by 
the greater cylinder, is called a cylindro^Undric arch, and, vulgarly, a Welsh 
grain. 

Ctlindro-Gtlindric Arches, or Welsh groins, are constructed either of 
brick, stone, or wood. If constructed of brick or stone, they require to have 
centres, which are formed in'the Bamei ^oianner as those for groins ; and, if 
constructed of wood, lath, and plaster, the ribs must be fprmed to the 
surfaces. « 

In the construction of groins, and of cylindro-cylihdric arches, the ribs that 
are shorter than the whole width are termed jachrihs. 
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Cellars are frequently groined with briclc or stone^ and -sometimes all 
the rooms of the basement stories of buildings^ in order to repder their 
superstructures proof against fire. The surfiEuses of brick or stone^ on 
which the first arch stones^ or course of bricks^ are placed^ are called the 
sptinging tifihe archer. It is evident that the more weight that is put on 
the side-walls^ which sustain arches, the more will they be able to sustain 
the pressure of the arches ; therefore the higher a wall is, the greater the 
weight will be on each of the side-walls ; and for this reason groins are often 
constructed of wood in upper stories, instead of brick or stone, as not being 
liable to thrust out the walls, or bulge them, by the lateral pressure of the 
arches. The upper stories of buildings are never groined with stone or 
brick, unless when the walls are sufficiently thick to sustain the lateral pres- 
sure of the arches. The ceilings of Gothic buildings were firequently con- 
structed with groined arches of stone, which were obliged to be supported 
with buttresses, at the springing points of the arches. 

GROIKS AMD ARCHES. — PROBLEM 1. {Jig. 1, pi. VIII.) 

Given the plan of a rectangular groined arch or vault, of which the openings 
are of different widths, but of the same height, and a section of one of the 
arches, as also the seats of the groins, to find the covering of both arches, so 
as to meet their intersection. 

In fig. 1, pL VIII, let A, A, A, &c., be the plan of the piers, and aJ, cd, the 
seats of the groins.^ 

% 

Let the section of the arch, standing upon the lesser opening, BC, be a 
semi-circle : it is required to find the section upon the greater opening and 
the ends of the boards, so as to meet the groin, or line of intersection, of the 
two surfaces. 

* The difierenoe between the fltm of any body and the 9ea% of a point or line is disdnguished thus : 
Thep/on is a figure upon which a solid is carried up, so that all sections, parallel to the plan, are equal 
and similar to that plan, and the surfaces are perpendicular ; but the nat of a line is not in contact with 
the line itself; but a perpendicular erected from any point in the seat will pass through its correspond- 
ing point of the line itself. 
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On the diameter BC describe a semi-circle^ and divide the quadrant into any 
number of equal parts^ ef^ fg, gh, &c., and from the points e, fy g, &c., draw 
lines^ parallel to the axis F^, to meet the seat ab of the groined line, or line of 
intersection of the two surfaces. From the points h, I, m, &c. of intersection^ 
draw the lines kQ, IR, mS, &c., parallel to the axis of the other vaults to meet 
the line VQ, perpendicular to that other axis in the points Q, R, S, &c. Then^ 
upon any line, DE, transfer the points Q, R, S, &c. to q, r, s, &c., and draw 
qv, rw, 8x, &c. perpendicular to DE, and transfer the ordinates F^, Gf, H^, &c., 
of the semi-circle, to qv, rw, sx, &c., and through the points r, w, x, &c. draw a 
curve ; then yt?E will be half of the section required. 

To find the covering of the semi-cylinder. Upon any straight line, YZ, 
No. 2, set off the distances Im, mn, no, &c., each equal to the chord ef or fg^ 
&c., in No. 1; and draw /K,mL,9iM, &c., in No. 2, perpendicular to YZ. 
Make /K, mL, vM, &c.. No. 2, equal to lih M/, Nm, &c., of No. 1, and through 
the points K, L, M, &c.. No. 2, draw a curve. Then will the figure K/Z be 
half of the covering of the cylinder. 

To construct the covering. No. 3, for the great opening. 

In the straight line vq. No. 3, make fm, ut, ts, &c., equal to the parts, Ez^ 
^y, yXf &c., of the elliptic curve. No. 1. In No. 3, draw f?B, uO, /N, ^M, &c., 
and make vB, uO, /N, ^M, &c.. No. 3, equal V6, Uo, Tn, Si», &c.. No. 1 ; and 
in No. 3, draw a curve through the points B, O, N, M, &c. ; then qvSKq will 
be the covering required. 

GROINS AND ARCHES. — ^PROBLEM 2. {Jig. 2, pi. VIII.} 

To find the groin of a cylindro-cylindric arch. 

Let A, A, A, A, be the plans of four piers, whiclj form the openings of dif- 
ferent widths. On the lesser opening PM, as a diameter, describe a semi- 
circle. Divide the quadrant next to P into any number of equal parts, and 
through the points of section draw the lines IG, 2H, 31, &c., perpendicular to 
PM, cutting PM in B, C, D, &c., and through the same points 1, 2, 3, &c., 
draw the lines la, 2b, 3c, &c., parallel to PM, cutting a line qe perpendicular to 
PM in the points a,b,c; produce the line which contains the points a, h, e. 
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through the greater opening ; and upon the part of the line thus produced, 
which is intercefpted between the piets A, A, describe a semi-cirdib. Produce 
the line MP to ifc, and from q describe arcs iofy hg, eh, ftc., cutting BA in the 
points f,gyK &c. Draw y%, gl,hmi&ai, parsed to the base df the gr^sater semi- 
circle, to cut the arc of the same in the points,Jlt,/,'m,&o. Froim the points 
i, I, m, &c., draw the lines kQ, IH, sil, &c., parallel toPM ; thm, through the 
points GiH/ 1, K^L^ draw a curve OHIKLyWlpch will be the seat of the groin. 
The covering to coincide with the? groin i^ diown at No. 1. Dttkwpm, 
No. 1, and make^ft, be, cd, &c., each equal to Pi ; 1, 2 ; 2, 3, &c., in the semir 
circular arc. In No. 1, draw pq, bg,ch,&c.j respectively equal to BG, CH, 
DI, &c., and through the points q, g, h, i, &c., draw a curve; then will 
pqnm be the covering required. 

GROINS AND ARCHES. PROBLEM 3. {fig. 3, pi. VIII.) 

To find the diagonal or groin-rib of a Vault^ of which the lesser openings 
are liemi-circles, and the groins^ in vertical planes^ passing through the dia^- 
gonals of the piers. / . 

On ah, (fig. 3, pi. VIII,) the perpendicular distance between two adjacent 
piers of the lesser opening, describe a semi-circle, abh ; and, in the arc, take 
1, 2, 3, &c., any number of points, and draw the lines 11, 2m, 3n, &c., cutting 
the diagonal ii, in I, m, n, &c. Draw, as before, Iq, mr, ns, &c., perpendicular 
to ik, and through the points i, q, r, s, &c. draw a curve ; th^i^ licit will be the 
edge of the rib to be placed in the groin. 

The edge of the rib, for the other opening, will be found thus : From the 
points I, m, n, &c., draw the lines, II, mK, nh, &c., paralld to the axis of the 
opening of the larger body, cutting HB at the points C, D, £, &c. Make CI 
DK, EL, &c., each equal to cl, d% e3, &c. ; then, through the points B, I, K, 
L, &c., draw a curve ; and the line thus drawn will be in the surface of the 
greater opening, so that BNH will be one of the ribs of the body-range. 

The method of placing the ribs is exhibited at the lower end of the diagraati, 
fig. 3, the ribs of each opening being placed perpendicular to the axis of each 
groin. 
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AND ARCHES. — ^PROIUiSIf 4. (^« 4^ pi VIIL) 

To find the gimned and side ribs of a Luvbttb, where the groined riiM are 
in Tertical planes upon the straight lines ag, gk (Jig^ 4i, jp/.. VIII,) the prin- 
dpal «rch Veing. a semiKdrcIe.. 

. I>et AC be the base of one.of the prindpal arches, perpendicolar to one of 
the sidwrefihe vain ¥aulty the points A and C being in the same range with 
tluM[esides. Let im$^ .be. the. opening o£ one of the lunette windows. From 
the point g^ the meeting .of the two seata of eaclLgroin, draw gr perpendicular 
to eis:, catting mgr.at^;. draw gS parallel to mgf, cutting the semi-circular arc 
ABC at 3k Between A and 3 take bjjj number of intermediate points, 1> A; 
&c., and, through the points 1, 2, &c., thus assumed^ draw le, %f^ &c., cutting 
the seat ag, of the first groin, in the points e^fj &c., and AC in ft, c, d^ &c. 
Perpendicular to ag draw eh,fi,k,c., and make eh^fi, gk, each equal to 
hip. c2^ d3, ke. ; then, through the points g, h, i^ i, draw a cunre, which will 
form the groin belonging .to the seat laeg. From the points e,J^, &c«, draw 
lines et, fs, &c., cutting qm in the points ^, o, &c. ; and, through the pointa 

9# ^> 9$Tf draw the cunre u^ter, which will be one of the ribs of the lunette. 

• ■ . • • ' . ■ ■ . . •• 

r ^ PjaOH^P .lAKQ AAPQEa.— PRpBUm 5. [Jig. b, pi. VIII.) 

Given one of the ribs of a Lunette, and a rib of tte main arch, to deter* 
mine the seat of the grmn, or the seat of the intersection of the two surfhces. 

This is, in fact, a cylindro-cylindric arch ; we shall therefore refor the 
reader to PraiDnM 2, for the geometrical construction of 'the same. 

Lunettes are used in large rooms or halls, and are made either in waggon* 
headed ceilmg8> or through Yaxge coves^ sunrHmding a plane ceiling: th^y 

■ 

hare a very elegant effect when they are numeibtiA, and disposed at equal 
distances. Though itis not necessary to haWihe axes of the lunettes and 
the axes^ the^qimdrantal cylin&ic surfaces in the same plane, they hare the 
best effect When executed so; as the groin, formed by the me^in^ of the 
two smrjgitees, Ims, in • this case, less prcgection : and,, thongfa the gnoftis are 
curves of double curvature, their seats are perfect hyperbolas, and may be 
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deBcribed independent df Uie rales of projection, the Bummit or vertex of the 
tiohfe bdng otice ascertained: by these means we shall ha^e the abscissa 
and dMibk oMlinate t the itransvetse' axis being th^ distance betwem iihe 
c|fpdsite curves. 
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GROINS AND ARCHRSi^-^PROBLSM 6. i^fig.lfpl.ULy ' 

To find the groitf of a CYisivxmo^ctiiJsnKK Arch, and ihe~ monldi'for the 
boardiiigv • ^ • . ^ 

A Cylindr(hcyUndrie Arek is the intersection of one seffii-cj^lilidbi^/of R less 
diameter, with another of a greater iiiaftieter. Theprindpttl <i1iject» to^^^ 
fofmd are, the seat of the curve on the plan, and the moulds for terminating 
the ends of the boards. 

For this purpose, on any straight line, which has A at one of its endb, as a 
diameter, describe a semi-circle, sis at No. 1^ in the iSgare, tetminatitig in A^ 
for the section of the greater is^ault, tir semfi-dylindric ar(ih. As the ledds iH 
the one cylinder is supposed to cut the axis tif th^ other it fight imgles; tie 
sides of the crbss-vaiilts will al^ be at right angles tb **ch othW : therefore 
draw the diameter AC, of the lesser vault, perpendicular to the dian^ter of 
the greater vault ; and on AC, as a diameter, describe the semi-circle AJSC : 
divide the quadrantal arc AB into any number of equal parts, as here into 
five. Draw Ae perpendictdai' to AC, and prodube CA t6^.*' Through the 
points of division, in the quadrantal arc AB,^raW Id, 2i^, Shr, 4cf, B^; cutting 
Ae, ma,b,c,d,e. Again, through the same points 1,2,3,4,]^, iA the'qua^ 
drantal arc AB, draw straight lines lq,2r,8s,4t,B'D; perpen^<Mar to AC. 
From the point A, ad a' centre, with the seVe^ distances 'Ad, Ab', Ae, Ad, Ae, 
describe the arcs ei, di, cKi%g, of, cutting Aim f,g, %,%, h 

Parallel to the diameter of the greater semi-circle/of ^ariBlel to A^i ({/''^ 
No. 1,) draw fhgm, hn, io,hp, cutting the greats semi-circular arc in the points 
I, m, n, o,p. Through the ][>oihts t, m, n, 6,p, AnM Iq, mr, nsioi, jpD, parallel 
to AC, cutting the perpendiculars Iq, 2r, 3^, 4^, BD, in the points q, ¥, s, t, 
D. ' Through the points A, q,r, s, t, D, trace a curve by hand, or |fut in nails 
at the points A, ^, r, s, t, D, and bend a thin Mip of Wood so as to dome in 
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contact with all the nails ;: thai, by the edge of this slip, which touches the 
nails^dniw a line^ii^^th- a pencil, or find points; aiid the curve thus drawn 
win be half the seat of the rib. The other half, being exactly the r^erse, 
may be found by placing the distances of the ordinates at the same distaooe 
from the centre, upon the diameter AC, and setting up the perpendiculars 
by making thein respectively equal to the others. 

It wiU perhaps be eligible to make the whole curve ADC at once. 

The mould for cutting the ends of the boards, which are to cover the 
centres of the lesser openings, will be found as follows : 

Oq any straight line, C5, as on the^^ diameter AC produced, set off the equal 
parts Al; 2,3; 3, 4; 4B; of the quadrant AB,on the straight line C5, from C to 1, 
from 1 to 2, from 2 to 3, from 3 to 4, from 4 to 5, and draw the straight lines 
Itf, 2«, 9w, 4x, by, perpendicular' to (^5. Make lu, 2v, 3tr, 4x, 5y, each respec- 
tively equal to each of the ordinates isomprehended between the base AC, and 
the seat AD; then, through all the points C, tf, r, «;, or, y, draw a curve 
CtMwoy, as before ; then the shadowed part, of which the curve Ime Cuvwxy 
is the edge, is the mould for one side, which may also be made use of for 
the other. 

To apply this mould, all the boards should be laid together, edge to edge, 
on a flat or plane surfeu^e, to the breadth C5. Draw a straight line C5, per- 
pendicular to the edge of the first board, at the distance of 5y from the end. 
At the distance C5 draw a perpendicular 5y, and set off the distance Sy, 
Then apply the proper edge of the mould from £ to y, as exhibited in the 
plate, and draw a curve across the boards, and cut their ends off by the line 
thus drawn ; then the ends, thus formed of the remaining parts, will fi.t upon 
the boarding of the greater vault, after being propierly beveQed, so as to fit 
upon the sur£ftce of the said boardii^. 

No. 4, of Jig. 1, exhibits the curve, in order to draw or discover the line 
on the boarding of the greater vault, iiji order to place the boarding of the 
lesser vault. 

Nos. 2 and 3, Jig. 1, show the method of forming the inner edges of the ribs, 
so as to range with the small opening. The under edge of the rib must be 
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formed so as to correspond to the cunre which is its seat; and the little dis- 
tanceSy between the straight line and the carve, must be set ojQT on the short 
lines, shown at Nos. 1, 2, and 3; thai a cunre may be 'drawn through the 
points of extension, and the superfluous wood taken away ; then, the rib being 
put in its real place, the angle ¥ill exactly Mi over its seat. The diagram, 
figure U And its differ^it numbar$, answer both the purposes of a centering 
and of ribbing for plaster-^^eilings^ 

Figure % pi. IX, exhibits the method of forming the CradeUing^m ribs, for 
plaster^<^ilings of cylindro-cylindric archra. Here principal ribs only are used 
across the piers. The ribs of double curvature, which form the groins, 
though here exMbited, in order to fix the ribs, may be done without, 
by men of experience : but young workmen require every assistance, in 
order to acquire a comprehensive idea of the subject ; it is, therefore, proper 
to show how the groined ribs are to be found. The other ribs, for lathing 
upon, are made of straight pieces of quartering, fixed equidistantly. 

Figure 3, pi. IX, is a plan in which common groins and cylindro-cylindric 
arches both occur. See the gate-way leading from the Strand, in London, 
into the court of Somerset-house. 

GROINS AND ARCHES. — PROBLEM 7. {fig. 4, pi. IX.) 

To find the seats of the intersections of groins formed by the intersection 
of an annular and a radial vault, both being at the same height, the section of 
the annular vault being a semi-circle, and that of the radiating vault a semi- 
circle of the same dimensions, the plan being given. 

Perpendicular to the middle line, or axis, of the radial vault, draw a straight 
line from any point of that middle line ; from the point thus drawn, set the 
radius of the circle of the annular vault ; from the point of extension draw a 
line, parallel to the axis of the radiating vault, to meet the side of the plan. 
From the point of meeting draw a straight line, perpendicular to the axis, to 
meet the other side of the plan of that radiating vault : on the perpendicular 
thus drawn, between the two sides, as a diameter, describe a semi-circlet 
divide each quadrantal arc of this semi*circle, and each quadrantal arc of the 
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semi-cirde which is the section of the annular vault, into the same number of 
equal parts. Draw lines through the .points of division in each arc, perpen- 
dicular to the base or diameter, to meet the said diameter. Through the 
points of section in the diameter of the annular vault, and from the point of 
concourse of the two sides of the radiating vault, describe arcs. From the 
same point of concoursq, and through the points of section of the diameter of 
the semi-circle, which is the section of the radiating vault, draw lines from 
the point of concourse of the two sides of the' radiating vault. Then, through 
the int^rsectioniof these lines, and the arcs drawn from. the points of section 
in the diameter of the semi-circle, which is the section of the annular vault, 
trace a curve, ^hich will be the seat of the groin. The method of fixing the 
tiynber is exhibited at the other end of the figure. . The ribs of both the an- 
nular vault and the radiating vault are all fixed in right sections of these 
vaults, as must appear evident from what has been shown. 



NAKED FLOORING. 

ft 

FLOORS are those partitions in houses that divide one story from another. 

Floors are executed in various ways : some are supported by single pieces 
of timber, upon which boards for walking upon are nailed. Floors of this 
simple construction are called single-^oMted floors, or single floors ; the pieces 
of timber, which support the boards, being called joists. It is, however, cus- 
tomary to call every piece of timber, under the boarding of a floor, used 
either for supporting the boards or ceiling, by the name of joists, excepting 
large beams of timber into which the smaller timbers are framed. 

When the supporting timbers of a floor are formed by one row laid upon 
another, the upper row are called bridging joists, and the lower row are called 
binding joists. Sometimes a row of timbers is fixed into the binding joists, 
either by mortises and tenons, or by placing them underneath, and nailing 
them up to the binding-joists : these timbers are called ceiUng^oists, and are 
used for the purpose of lathing upon, in order to sustain the plaster-ceiling. 
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In forming the naked flooring, over rooms of very large dimensions, it is 
found necessary to introduce large strong timbers, in order to shorten the bear- 
ing of the binding-joists ; such strong timbers are called girders, and are made 
with mortises, in Order to receive the tenons at the ends of the binding-joists, 
which, by this mean, are greatly stiffened, being much shorter. 

The brtdging-joMts are frequently notched down on the binding-joists, in 
order to render the whole work more steady. 

Figure 1, pi. X, is the plan of a naked floor ; b, b, b, &c. are the binding- 
joists ; a, a, a, &c. are the bridging-joists ; d, a timber close upon the stair-case. 
This piece of timber is called a trimmer: its use is to receive and secure the 
ends of the joists, e, e, e, &c. upon the landing. 

C, C, C, &c. are walUplates, upon which the ends of the binding-joists rest. 

In the construction of floors, great care must be taken that no timber come 
near to a chimney ; therefore, the ends of the timbers, as here shown, have 
no connection with the fire-place, nor with the flues. 

The flues, in this plan, are indicated by their being shadowed darker than 
the other parts of the plan. 

Figure 2, pi. X, is the plan of naked flooring with a girder. 

Figure 3, shows the manner of framing joists into a girder, with the form 
of the mortise and tenon. No. 1, is the part of a joist framed into the girder ; 
and No. 2 is a joist out of the mortise. 

Figure 4, shows the connection of binding-joists, bridging-joists, and 
ceiling-joists ; as, also, the manner of fixing the binding-joists upon the wall- 
plates, which manner is called cocking, or cogging. The long dark parts 
represent the mortises, into which one end of the ceiling-joists are fixed. 
These long mortises are called ptdley-^nartises, or chase-mortises. The 
ceiling-joists are introduced into common mortises at one end, and the other 
end of them are let into these long mortises obliquely, and slide along until 
they are perpendicular. 

Figure 5, shows how the bridging-joist is let down upon the binding-joist, 
and how the ceiling-joists are fitted into the binding-joists. 
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TuMBLisro IN A JoisT^ is to frame a joist between two timbers, of which 
the sides, which ought to be vertica} or square to the upper edges^ are oblique 
to these edges* 

Figure 6, shows the method of fitting in a joist between the sloping sides 
of two others. The firat thing done is, to turn the upper edge of the joist 
upon the top of the two pieces into which it is to be fitted, and brought over 
its proper place. The next thing is to turn the joist on its under edge, so as 
to lie over its place ; then apply a rule, or straight edge, upon the side of 
the one piece where the shoulder of the joist^ is intended to come ; then slide 
the joist until the line drawn come to the straight edge of the rule so applied ; 
then draw a line by the edge of the rule. Do the same at the other end, and 
the two lines thus drawn will mark the shoulder of the tenon at each end. 



LENGTHENING TIMBERS 

Timbers may be lengthened in Tarious ways, either by making the piece of 
timber in two or more thicknesses ; or by securing one piece to another, with 
a piece on each side, in order to cover the joint ; and by spiking or bolting 
each piece on both sides of the joint. Sometimes the pieces that are applied 
on the sides are made of wood ; in this case, it is called fishing the beam: 
such modes are used in ships, when their masts, beams, or yards, are broken, 
in order to mend them. Other modes of continuing the length of timbers or 
beams is, by splicing them with a long bevel-joint, ending in a sharp edge at 
the end of each piece. Sometimes the sharp edge of the end of each piece 
is cut ojQT, so as to form an obtuse angle at the top. Sometimes the sj^ce is 
so formed as that the two surfaces which come into contact are reciprocally 
indented into each other, which will add greatly to their security, when firmly 
bolted together. Every kind of scarf should have a strong iron-strap upon 
each opposite side, extending in length considerably beyond each joint. 
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Figure 1, pl.X, shows the manner of building a beam in three thicknesses; 
which, being strapped with iron across every joint, and bolted, will be ex- 
ceedingly strong and firm. '^ 

Figure 8, exhibits the method of joining timbers by two tables and a key. 

Figure 9, the method of lengthening timber by a plain scar^ being cut only 
with an obtuse angle at the ends. 

Figure 10, the same kind of scar^ with two tables and a key. 

Timbers that ate scarfed and strapped ought to be so applied, that the sides 
which are strapped should be the horizontal sides ; for, iC otherwise applied, 
they will be liable to split at the bolting. 

But, if the surfaces of the joints are to be placed in a vertical position, there 
ought to be two straps upon the top and two upon the bottom ; each strap 
being brought close to the vertical face. By this method it will be much 
stronger than when set in the other position, or with the joint of the scarf 
horizontal 



THE ROOFING. 

The roof is that part of a building raised upon the walls, and extending 
over all the parts of the interior, in order to protect its contents firoin depreda- 
tion, and from the severities and changes of the weather. 

The Roof, in Carpentry, consists of the timber-work which is found ne- 
cessary for the support of the external covering. 

The most simple form of roofis is that consisting 6f a level plane ; but this 
description of roofis is adapted only to short bearings, and is* not at all calcu- 
lated to resist or prevent the torrents of rain or moisture from penetrating 
into the interior. 

The next simple form is that which consists of an inclined plane ; and, 
though well calculated to resist the injuries of the weather, and to afford 
greater strength than a level disposition of the timbers would supply, it is far 
from admitting of the utmost strength that a given quantity of timber ii 
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capable of affording : it occasions an inequality, and a want of nnifonnity 
and correspondence in the proportions of the fabric, and an unnecessary and 
unpleasant height of walling. The best figure for a roof is that which con* 
sists of two equal sides, equally inclined to the horizon, terminating in the 
summit, over the middle of the edifice, in a horizontal line, or the ridge of 
the roof, as it is called : so that the section made by a plane, perpendicular 
to the ridge, is every where an isosceles triangle, the vertical angle of which 
is the top of the roof. This form is very advantageous, as it regards saving 
of timber ; for it may be executed with the same scantlings, to span double ^ 
the distance, that the simple sloping roof admits ; or, in buildings of the same 
dimensions, the scantlings of the timbers will be very much diminished. - 

The antient Egyptians, Babylonians, and other eastern nations, of the re- 
motest antiquity, constructed their roofs flat, as do likewise the present in- 
habitants of these countries. The antient Greeks, though favoured with a 
mild climate, yet sometimes liable to rain, soon found the inconvenience of a 
platform covering for their houses, and accordingly raised the roof in the 
middle, declining towards each side of the building, by a gentle inclination 

« 

to the horizon, forming an angle of from 13 to 15 degrees, or the perpendi- 
cular height of from one-eighth to one-ninth of the span. 

In Italy, where the climate is still more liable to rain, the antient Romans 
constructed their roofs from one-fifth to two-ninth parts of the span. 

In Germany, where the severities of the climate are still more intense than 
in Italy, the antient inhabitants, as we are informed by Vitruvius, made their 
roofs of a very high pitch. When the pointed style of architecture was in- 
troduced into Europe, high pitched roofs were thought consonant with its 
principles ; and they therefore formed, externally, one of the most striking 
characteristics of the Gothic style. 

In their usual proportions, the rafters were equal to the breadth or span of 
the roof, or the rafters were the sides of an equilateral triangle, of which the 
spanning line was the base. 

During the middle ages this form prevailed, not only in public but in 
private buildings, from the most stately and sumptuous mansion down to 
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the humble cottage of the common labourer; and this equilateral tri- 
angular roof continued in request until^ finally^ the pointed style came into 
disuse. 

When the celebrated Inigo Jones introduced Roman architecture^ the 
rafters were made three-quarters of the breadth of the building ; and this pro- 
portion^ which was called true pitch, still prevails in some parts of the country 
where plain tiles are used ; subsequently^ also, the square seems to have been 
considered as true pitch : but, in large mansions, constructed in the Italian 
style, roofs of a pediment pitch, covered with lead, were introduced. 

In the present day, where good slates are to be obtained in abundance, 
roofs may be covered with them, from the pyramidal equilateral Gothic down 
to the gently inclined Greek pediment. 

With regard to the present practice, the proportion of the roof depends on 
the style of the architecture of the edifice ; the usual height varying from 
one-third to one-fourth part of the span. 

There are, doubtless, some advantages in high pitched roofs, as they dis- 
charge the rain with greater rapidity ; the snow does not lodge so long on 
their surface ; also, they may be covered with smaller slates, and even with 
less care, and are not so liable to be stripped by high winds as the low roofs 
are ; but the low roofs bear less weighty on the walls, and are considerably 
cheaper, since they require shorter timbers, and, of course, smaller scantlings. 

The roof is one of the principal ties to a building, when executed with 
judgement, as it connects the exterior walls, and binds them together as one 
mass ; and, besides the protection it afibrds the inhabitant within, it pre- 
serves the whole work from a state of decay, which would soon inevitably 
ensue, from the violence of rain or frost, which would operate in a way 
of rotting the timbers, of destroying the connection in the walls, and would 
cause them ultimately to fall. 

The several timbers of a roof are, principal rafters, tie-beams, king-posts, 
queen-posts, struts, collar-beams, straining-sils, pole-plates, purlins, ridge- 
piece, common-rafters, and camber-beams. The uses of these will appear from 
the following description of them. 
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The usual external form of a roof has two surfaces, which generally 
rise from opposite walls, with the same inclination ; and, as the walk are 
most commonly built parallel to each other, the section of the roof made by a 
plane perpendicular to the horizon, and to one of the walls, is an isosceles 
triangle ; the base being the extension from the one wall head to the other. 
This extension is called the span qf the roof. 

To FRAME Timbers, so that their external surfiEU^es shall keep this position, 
is the business of trussing ; and the ingenuity of the carpenter is displayed in 
making the strongest roof with a given quantity of timbers. 

All beams, or pieces of timber, from their weight, when supported at the 
two ends only, acquire a concavity on the upper side ; and this concavity is 
the greater as the distance between the props is the greater. It is, therefore, 
a grand object to prevent this bending as much as possible. The curvature 
will take place whether the position of beams be horizontal or inclined ; but 
the same beam will have less curvature, as the angle, to which it is inclined to 
the horizon, is greater. For, it is evident that, when a beam is laid level, 
and supported at its extremities, its curvature will be greater than when in* 
clined at any angle, however small ; and, again, if it stand perpendicular to 
the horizon, its curvature will be nothing ; that is to say, its curvature will 
be nothing when the angle of inclination is the greatest. 

The curvature which timber obtains by bending is called sagging. To 
prevent timber from sagging, as much as is possible, it must be supported at 
a certain number of intermediate points or places, besides the two extreme 
points or places. Now these supports must themselves be supported from 
some base or other ; but, if the resting points or places is upon the sur&ce 
or surfaces of other timbers, the greatest care must be taken that they do 
not fall between the extremities of the supporting timbers intended to sup- 
port the other. That is to say, the lower end of every piece of timber, used 
as a prop, must rest upon some fixed point ; or, otherwise, the propping 
piece of timber must be so disposed that the pressing forces at each end 
must be equal to each other. 

These are the general principles upon which the strength of roofe depend. 
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